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We presentandanalyzetwo portablealgorithmsfor the List RankingProblemin the CoarseGrainedMulticom-
puter model (CGM). We reporton implementationof thesealgorithmsand experimentsthat were donewith
theseon a variety of parallelanddistributedarchitecturesrangingfrom PC clustersto a mainframeparallelma-
chine. With theseexperimentswe validatethe chosenCGM model,andalsoshawv the possiblegainsandlimits
of suchalgorithms.

1. INTRODUCTION AND OVERVIEW
Why List Ranking.

The List RankingProblem LRP, re ects one of the basicabilities neededfor ef cient
treatmenbf dynamicaldatastructuresnamelythe ability to follow arbitrarily long chains
for referencesndto computethe distancgor otherparametersio theendof sucha chain
of referencesList Rankingproblemsare problemsconcerninga linkedlist, i.e is a setof
nodessuchthateachnode(butthetail of thelist) pointsto anotheinodecalledits successor
andthereis nocyclein suchalist. TherestrictedLRP consistdn determiningtherankfor
all nodesthatis the distanceao thelastnodeof thelist.

To be ableto usean LR algorithm as a subroutinefor other algorithms,it mustalso
be ableto handlecollectionsof lists, that are not necessarilyconnected. Thereforewe
work in amoregeneralsettingwherethelist is cutinto sublistsandthenthegeneal LRP
consistdn identifying for all nodesthe headof the particularsublistanddeterminingtheir
individual distanceo thathead.Figurel givesanexampleof thegeneralLRP (calledonly
LRP henceforth) Thecirclednodesarethelastnodesof sublists.

LRP hasobvious solutionsin sequentiabontexts of computationput the performance
of implementation®f suchsequentiaklgorithmsis alreadysurprisinglybad: up to our
knowledgethebestonesneedbetweenl50to 450 CPU cyclesperelementdependingn
the platform), whereaghe relatedproblemof computingthe pre x sumof anarrayonly
requiresabout10. This canby explain by The nonlocality of the datain this algorithm
thatimpliesnumerousachemisses.

Alreadythis restrictedperformancen a sequentiakettingwould well motivateary at-
temptto seekparallel solutionsfor this problems. In addition for mary parallel graph
algorithmsList Rankingis crucialasa subroutine.

Whereaghis problemseemgata rst glance)to have straightforvardsolutionsin a se-
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Fig.1. Exampleof theLRP

guentialsetting,techniquedo solweit ef ciently in parallelquickly getquiteinvolvedand
areneithereasilyimplementedordothey performwell in apracticalsettingin mostcases.
Many of thesedif culties aredueto thefactthatuntil recentlyno generalpurposemodel
of parallelcomputationvasavailablethatallowed easyandportableimplementations.

Some parallel models.

Thewell studiedparallelalgorithmsfor the LRP, seeKarp andRamachandrah990for an
overview, are ne grainedin nature andwrittenin thePRAM model;usuallyin algorithms
written in thatmodelevery processois only responsibleor a constantsizedpart of the
databut may exchangesuchinformationwith ary otherprocessoat constantost. These
assumptionarefar from beingrealisticfor aforeseeabléuture: the numberof processors
will verylikely bemuchlessthanthesizeof the dataandthe costfor communication—be
it in time or for building involved hardware—will be atleastproportionalto the width of
thecommunicatiorchannel.

Other studiesfollowed the available architecturegnamelyinterconnectiometworks)
morecloselybut hadthe disadwantageof not carryingover to differenttypesof networks,
andthennotto leadto portablecode.

This gap betweenthe available architecturesaind theoreticalmodelswas narroved by
Valiant 1990 by de ning the so-calledbulk syndironousparallel machine,BSP Based
uponthe BSR the modelthatis usedin this paper the so-calledCoarse Grained Multi-
processor CGM, wasdevelopedto combinetheoreticalabstractiorwith applicabilityto a
wide rangeof architecture$ncludingmainframeparallelcomputersaaswell asdistributed
systemsseeDehneetal. 1996. It assumeshatthe numberof processorg is smallcom-
paredto the size of the dataandthat communicatiorcostsbetweenprocessorsire high.
One of the main goalsfor algorithmsformulatedfor that modelis to reducethesecom-
municationcoststo aminimum. The rst measurdhatwasintroducedwasthe numberof
communicatiorrounds:analgorithmis thoughtto performlocal computationgndglobal
messagexchangedbetweerprocessorfn alternation.Thisis calledrounds.This measure
is relatively easyto evaluatebut focusingon it alonemay hide the real amountof data
exchangedbetweerprocessorsand,in additionthe total CPUresourceshatanalgorithm
consumes.SeeGuérin Lassouset al. 2000for a broaderdescriptionof the CGM model
andfor a discussiorof differenttypesof algorithmsdesignedherefore.

Previous algorithms in the coarse grained models.

The rst proposedalgorithmin the coarsegrainedmodelsis a randomizedalgorithm by

DehneandSong1996thatperformsin O(log plog* n) rounds(p is the numberof proces-
sorsandn thesizeof thelinkedlist) with aworkload(total numberof local stepsyandtotal

communicatiorsize of O(nlog*n) (log*n = min{i | log®n < 1}). Then, Cacerest al.

1997gave adeterministicalgorithmthatneed€O(log p) roundsanda workload/totalcom-

municationof O(nlog p). Thesetwo algorithmsweredesignedn the CGM model. As far

aswe know, noimplementation®f thesealgorithmshave beencarriedout.
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reference comm.rounds CPUtime & communication
DehneandSong1996 logp log*n n log*n rand
Cacereetal. 1997 logp n logp det
Sibeyn 1997 n aver
Sibeyn 1999 loglogn n logp aver

we logp log*p n log*p det
we logp n rand

Tablel. Comparisorof ourresultsto previouswork. O-notationomitted.

Previous practical work.

Very few articlesdealwith theimplementatiorsidesof LRP. Reid-Miller 1994 presentsa
speci ¢ implementatioroptimizedfor the Cray C-90 (vectorizedarchitecturepf different
PRAM algorithmshatgivesgoodresults.ln DehneandSong1996,somesimulationshave

beendone,but they only give someresultson the numberof communicatiorrounds. In

Pateletal. 1997, ne-grainedimplementation®f List Rankingarestudiedfor applications
suchas computervision and image processing. Their approachtakes advantageof the
locality andconnectity propertieof images.They comparedifferentalgorithms but no

speedupesultsaregiven.

Sibeyn 1997and Sibeyn et al. 1999give several algorithmsfor the LRP with someal-
gorithmsderivedfrom known PRAM techniquesindsomenew ones.They ne-tune their
algorithmsaccordingto the featuresof the interconnectiometwork of the Intel Paragon
andtheir codeusesthe communicatioribrary dedicatedo the Paragon. The authorsdo
not mentionthe portability aspect®f theirimplementations.

Sibeyn 1999andLambertand Sibeyn 1999 proposean algorithmthat hasa total com-

municationsizeof (6+ %’) nwhered is thenumberof recursiorsteps.lt requires

6+ 2d[loglogn] communicatiorrounds(their costmeasurds a simpli cation of BSP).
Thesealgorithmshave beenimplementedon an Intel Paragon(with the NX communica-
tion library) anda clusterof workstations. On the Intel Paragon,speedupsre obtained
for p greaterthan16 andn greaterl million. On the workstationscluster only restricted
speedupsareobtainedfor 16 workstationsandlists of sizegreaterthanl million.

machine times processors
reference CPU speed architecture datarange seq | para| min | max
Lambert and | 686 300MHz | 16x2-proc,100Mbs 1M-10M 350-385| 220 | 167 16
Sibeyn 1999
i680 XP Paragon 1000-1M 16? 64
this paper RS1000 | 195MHz | 32x2-proc,sharedmem | 1M-10M 160 80 16 50
686 200MHz | 12PC,Myrinet 1M-200M 365 | 290 9 12

Table2. Runningtimes(CPUcyclesperitem)in differentimplementations
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This paper.

In thispaperwe addressursehesto theproblemof designingalgorithmghatgive portable,
ef cient andpredictive codefor LRP. We do not pretendto have the bestimplementation
of the LRP, but we tried to achieve threedifferentgoals,namelyto be portable,ef cient,
predicitve atthe sametime. Especiallytheimplementatiorwasdonecarefullyto have the
bestpossibleresultswithoutloosingat portability level.

We proposetwo algorithmsdesignedn the CGM model. First, we proposea deter
ministic algorithmthat hasbetterworkloadandtotal communicatiorsizethanthe previ-
ouslyknown algorithmsin the coarsegrainedmodels.Neverthelessit only seemgo be of
theoreticalinterest,becauset doesno leadto ef cient practicalresultsasshovn in Sec-
tion 4. Thenwe proposea randomizedalgorithmthat hasbettertheoreticalcompleities
on averageandthat givesbetterperformancesWe give the experimentalresultsof their
implementationsThe codeof the differentimplementationsindthe documentatiomf the
experimentscanbe found at the following addresshttp://wwwloria.fr/"gustedt/cgmOur
coderunson PC-clustersvith differentinterconnectiometworks,an SGI Origin 2000,an
SGIPCAclusterof 4 sharednemorymultiprocessorsa Cray T3E andSUN workstations.
We preferredio focuson theresultsobtainedon a speci ¢ PC clusterandthe Origin 2000
becauseave think thatthey arerepresentatie.

Tablel comparesheexisting coarsegrainedalgorithmsandthe algorithmswe propose
concerninghenumberof communicatiormroundsandthe total workloadandthetotal size
of exchangediata.rand standsfor randomizedanddetfor deterministic.WWe mentionthe
algorithmsof Sibeyn 1997 and Sibeyn 1999, not designedn the CGM model, for their
practicalinterest.

Table2 comparesxperimentaresultsof LambertandSibeyn 1999andthosepresented
in this paper Our sequentiatunningtimes are obtainedwith a straightforvard solution
of generl LRP. Themin numberof processorss the break-@enpointto obtainthe same
runningtimesassequentialTheparalleltimesarethetimesobtainedwith themaxnumber
of processorsWe do not give the timesobtainedon the Paragonbecauseve arenot sure
aboutthe processospeedsinceit wasnot givenby theauthors We basecurcomparison
ontheclock cyclesbecausehis parameteallows a naturalcomparisorwith the sequential
algorithms.

The paperis organizedasfollow: we give the mainfeaturesof the CGM modelin Sec-
tion 2. Next, we presenta deterministicalgorithmfor solvingthe LRP in Section3.1,and
arandomizedalgorithmin Section3.2. Section4 concerngheresultsof theimplementa-
tions.

2. THE CGM MODEL FOR PARALLEL/DISTRIBUTED COMPUTATION

The CGM modelinitiated by Dehneet al. 1996is a simpli cation of BSP proposedby
Valiant 1990. Thesemodelshare a commonmachinemodel: a setof processorshatis
interconnectedy a network. A processorcan be a monoprocessomachine,a proces-
sor of a multiprocessorsnachineor a multiprocessorsgnachine. The network canbe ary
communicatiormediumbetweerthe processorgbus, sharednemory Ethernetgtc).

The CGM modeldescribeghe numberof dataper processoexplicitly: for a problem
of sizen, it assumeghat the processorganhold O(%) datain their local memoryand
thatl « %. Usuallythelaterrequirements putin concreteermsby assuminghatp < %
becaus@achprocessohasto storeinformationaboutthe otherprocessors.
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Algorithm 1: Junp
Input: SetRof nlinkeditemse with pointere.succanddistancevaluedist andsubset
Sof Rof markeditems.
Task: Modify e.succande.dist for all e€ R\ Ss.t.e.succpointsto theneareselement
se Saccordingothelist ands.t.e.dist holdsthesumof theoriginaldist values
alongthelist uptos.

whiletherearee e R\ Ss.t.e.succ¢g Sdo
for all suthhee Rdo
Invariant: Every e ¢ Sis linkedto by at mostone f.succfor somef € R
Fetche.succ— dist ande.succ— sucg
e.dist += e.succ— dist;
€.SUCC= e.succ— succ

w N R P

The algorithmsare an alternationof supesteps In a superstepa processorcansend
or receve onceto andfrom eachotherprocessoandthe amountof dataexchangedn a
superstefy oneprocessois at mostO(%). Unlike BSR the superstepgarenot assumed
to be synchronizedxplicitly. Sucha synchronizatioris doneimplicitly duringthe com-
municationssteps. In CGM we have to ensurethat the numberR of superstepss small
comparedo the sizeof theinput. It canbe shavn thatthe interconnectiorlatencywhich
is one of the major bottleneckdor ef cient parallelcomputationcanbe neglectedif Ris
afunctionthatonly dependsn p (andnoton n thesizeof theinput), seeGuérin Lassous
etal. 2000.

Besidesits simplicity, this approachalso hasthe advantageof allowing designof al-
gorithmsfor a large variety of existing hardware and software platforms,and especially
clusters.It doesthis without goinginto the detailsandspecialcharacteristicef suchplat-
forms, but givespredictionsin termsof thenumberof processorp andthenumberof data
itemsn only.

3. TWO COARSE GRAINED ALGORITHMS FOR LIST RANKING

The two proposedalgorithmsarebasedon PRAM techniquesisedto solve the LRP. Di-

rectly translatingthe PRAM algorithmsinto CGM algorithmswould leadto algorithms
with O(logn) superstepswhat the CGM model doesnot recommend. Someefforts to

boundthe numbersuperstephave to beadded.For instancewe canreducethe sizeof the
problemto ensurethatafter O(log p) superstepthe problemcanbesolvedsequentiallyon
oneprocessarAt the sametime, we have to pay attentionto the workload,aswell asto

thetotal communicatiorbandwidth.

3.1 A deterministic algorithm

The deterministicalgorithmwe proposeto solve the LRP is basedon two ideasgivenin
PRAM algorithms.The rst andbasictechniquegalledpointerjumping wasmentionned
by Wyllie 1979.ThesecondisedPRAM techniqués ak-ruling set seeColeandVishkin
1989.We usedeterministicsymmetnpreakingto obtainak-ruling set,seelaja1992.Such
ak-ruling setSis a subsedf theitemsin thelist L suchthat

(1) Everyitemx e L\ Sis atmostk links away from somes e S.
(2) Notwo elementss,t € Sareneighborsn L.
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Algorithm 2: Li st Ranki ngy
Input: ng total numberof items, p numberof processorssetL of nlinkeditemswith
pointersuccanddistancevaluedist.
Task: For everyitem e sete.succto theendof its sublistt ande.dist to thesumof the
original dist valuestott.
if n<ng/pthen
1 Sendall datato processoD andsolve the problemsequentiallythere.
else
Shortenall consecutie partsof thelist thatlive on the sameprocessar;
for everyitemedo e.lot = processoid of €
S=Rulingk(p—1,n,L);
Junp(L, S);
for all ee Sdo sete.succto thenext elementn S;
Li st Ranki ngk(S);
Junp(L, {t});

0 N o g b~ W N

Concerninghetranslationin the CGM model,the problemsareto ensurehatthe size of
the k-ruling setsdecreaseguickly at eachrecursve call to limit the numberof recursve
calls (andthenof superstepsandto ensurethatthe distancebetweerntwo elementsn the
k-ruling setis nottoo long otherwiset wouldimply a consequentumberof superstepto
link the elementf thek-ruling set.

Algorithm 1 implementshewell known pointerjumpingtechnique.

PropPosITION 1. LetR and S beinputsfor Jump, and let £ be the maximumlength
of an elementx € R\ Sto the next elements € S. ThenJump(R,S) requiresO([log,17)
supestepsand O(I [log, ) workload/totalcommunicationsize O

Becausef InvariantA we seethatJunp caneasilyberealizedon a CGM: justlet each
processoperformsthe statementinsidethe while-loop for the elementghatarelocated
atit. Theinvariantthenguaranteethateachprocessohasto answeratmostonequeryfor
eachof its itemsissuedby line 1. Sononeof theprocessorwill beoverloadedatary time.

It shavsthatthe CGM pointerjumpingtechniquealgorithmperformsin O([log, n]) su-
perstepsaindO(n[log, n]) workload/totalcommunicationsize. Dueto theimplied work-
load and total communicationssize, this algorithmis unlikely to leadto efcient code.
Therefore,we can not just usethis techniqueto solve the LRP, but we canuseit asa
subroutineof our algorithm.

Algorithm 2 solvesthe LRP in the CGM model. It implementsthe techniqueof the
k-ruling setin CGM: the goalis to reducethe size of the list with the build of a k-ruling
set;whenthe new list canbe storedin the main memoryof oneprocessarthenthe prob-
lem is solved sequentiallyptherwisethe algorithmis calledrecursvely. The point, here,
is to have a small numberof rounds(a slowy growing function dependingon p for in-
stance)comparedo the O(logn) roundsneededn the PRAM algorithmsusingthe same
techniquesAt the sametime, we have to pay attentionto the workload,asthe total com-
municationbandwidth.

PROPOSITION 2. SupposevehaveanimplementatioiRuling | of ak-ruling setalgo-
rithm thenListRanking  canbeimplementedna CGM sud thatit usesO([log, k])
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Algorithm 3: Rul eQut
Input: itemewith elds lot, succand pred, andintegersl; andl, thataresetto the
lot valuesof the predecessandsuccessoresp.
if (elot >11) A(elot > 12) then
1 Declaree winnerandforce e.succande. predlooser,
else
2 if 1 = —¥ then Declaree p-winnerandsuggese.succs-looser,
3 else
\; Let bg bethe mostsigni cant bit, for whiche.lot andl; aredistinct;

Let by thevalueof bit by in e.lot;
elot :=2xbg+bs.

communicatiorroundsper recussive call andrequiresan overall bandwithand process-
ing time of O(n[log,k]) whennot countingthe correspondingmeasues that calls to
Ruling ¢ need.

PrROOF. Theonly critical partsfor thesestatementsarelines5, 6 and8. Propositionl
immeadiatelygives an appropriateboundon the numberof communicationroundsfor
line 5. After line 5, sinceevery elementL \ Snow pointsto thenext elements€ S, line 6
can easily be implementedwith O(1) communicatiorrounds. After commingup from
recursioreverys € Sis linkedtot, soagainwe canperformline 8 in O(1) communication
rounds.Soin total this shavs the claim for the numberof communicatiorrounds.

To estimatethe total bandwidthandprocessindgime obsene thateachrecursve call is
calledwith at mosthalf the elementf L. Sothe overall resourcesanbe boundedrom
above by a standardlominationargument o O

Theinner (andinteresting)partto computea k-ruling setis givenin Algorithm 3.

Hereanitem e decideswhetheror not it belongsto the ruling setby somelocal value
elot accordingto two differentstrategies. By awinner (with e.lot setto +¥) we denote
anelemente thathasalreadybe chooserto bein theruling set,by alooser(with e.lot set
to —¥) we denotean elemente that certainlynot belongsto the ruling set. For technical
reasonswve also have two auxiliary characterizationgp-winner, potentialwinner, ands-
looser, suggestedooser The algorithmwill guarantedhat ary of thesetwo auxiliary
characterizationill only occurtemporarily Any p-winneror s-loosemwill becomeeither
winneror looserin the next stepof the algorithm. We give someexplanationson speci ¢
lines:

line 1 Firste lookswhetherthisvalueis largerthanthevaluesfor its two neighborsn the
list. If thisis soit belongsto theruling set.

line 2 If thisis notthecasebut its predecessadn thelist waspreviously declaredooserit
declarestself a p-winnerandits successoans-looser

line 3 The remainingelementsupdatetheir value ellot by basically choosingthe most
signi cant distinctbit from the valueof the predecessor

Line 2 is necessaryo avoid con icts with regardto Property2 of a k-ruling set. Suchan
elementanonly beawinnerif its successdnasnotsimultanouslydecidedo beawinner.

Line 3 ensureghat—basically-the possiblerangesfor the valuese.lot goesdown by
log, in eachapplicationof Rul eQut . Themultiplicationby 2 (thusa left shift of the bits
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by 1) andadditionof thevalueof thechoserbit is doneto ensurehatneighboringelements
alwayshave differentvaluese.l ot.
Thewhole procedurdor ak-ruling setis givenin Algorithm 4.

ProPosITION 3. Ruling  canbeimplementedna CGM sud thatit usesO(log* q)
communicatiomoundsandrequiresanoverall bandwidthandprocessingimeof O(nlog* q).
Moreover, k is the maximundistanceof an elemeni € R\ Sto thenext elemens e S.

PrRoOOF. InvariantC is alwayssatis edif it wastrueatthebeginning: afterline 4, neigh-
boringelementhave alwaysdifferentvaluese.l ot. After thisline only winnersandloosers
modify theirvalueelot. Or accordingto thealgorithmRuleOu andlines6, 7 and 8, if e
is awinnerthene.succis alooserthereforethe two valuese.lot aredifferent. Becauseof
InvariantC, we canseethattwo elementof Sarenot neighborsn R.

range is the maximume.lot valuethatanelementof R mayhave. Let b bethe number
of bits usedto representhe value e.lot. When consideringonly non-winnerand non-
looserelementsafterline 4, the maximumpossiblevaluefor elot is 2(b — 1) — 1 thatis
2|log,range| + 1. Moreover, the numberof bits usedto represent.lot is [log,b] + 1.
Thenumberof bits decreaseaslongasb > [log, b] + 1, thatis b > 3. By recurrenceit is

easyto show that,if b; is thenumberof bitsto represeng.lot atstepi, and [Iogg)(qﬂ > 2,

thenb; < [Iog(z')(qﬂ + 2. Then,afterm= log;q stepsom < 3 ([Iog(zm)(q)-‘ < 1 with the
de nition of log;). Thereforeafterlog;q+ 1 stepsthe maximumvaluerange is always
5. Then,lengh whichis the maximumlengthof anelementx € R\ Sto the next element
s€ S, is equalto 9. Winnersandloosersdo not modify the valuesof range andlengh.
Thereforejf it existsnon-winneror non-loosekelementstheloopis repeatedit mostuntil
lengh beequalto 9 thatis at mostlog* g+ 1.

If theloopis exitedwhenR containsonly winnerandlooserelementghenwe claimthat
thedistancebetweertwo winnersin Ris atmost3. Indeed all theloosershave atleastone
neighborthatis awinner. An elemente canbecomea looserin two ways: eitherit hasa
winnerneighbor eitherit is a s-looserandit is notawinner(line 7). Or if it is as-looser
its predecessof is a p-winner(line 2 of looser(line 2 of Rul eCut ) and f.succ= eis not
awinnerby hypothesisThenf is awinner. Thereforethe distancebetweertwo elements
in Sis at most3. Moreoverthe numberof iterationsof theloopis boundedoy (log* q+ 1)
andthemaximumdistanceof anelementx € R\ Sis atmost2(< k).

We canperformO(1) communicatiorroundsin lines2, 3 and 5. Sothetotal commu-
nicationroundsnumberis boundeddy O(log* ). O O

PrRoOPOSITION 4. If p> 17, ListRanking | can be implementecon a CGM sud
that it usesO([log, p]logsp) communicatiorroundsand requiresan overall bandwidth
andprocessingime of O(nlog;p).

PROOF. In eachphaseof Li st Ranki ngy, Rul i ngy is calledwith the parameteq
equalto p—1. Accordingto Proposition2, k is at most equalto 9, thereforeif p >
17,Tlog, k] < logzp. Then,Li st Ranki ngyx usesO(log;p) communicatiorroundsper
recursve call.

At eachrecursve call, the numberof elementf Sis at mosthalf the elementsof L.
After [log, p| stepsh < ”—5’. ThereforelLi st Ranki ngy usesO([log, p] log;p) commu-
nicationrounds. With the sameargument,the overall bandwidthand processingime is
boundedby O(nlog;p). O O
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Algorithm 4: Rul i ngy
Constants: k > 9 integerthreshold
Input: Integersg andn, setR of n linkeditemse with pointere.sucg andintegere.l ot
Output: SubsetSof theitemss.t.thedistancdrom ary e € Sto thenext s€ Sis < k.
A Invariant: Every eis linkedto by at mostone f.succfor somef € R, denoteit by
e.pred.
B Invariant: g> elot > 0.
1 range:=q;
repeat
c Invariant: If elot # —¥ thene.lot # e.succ— lot.
B Invariant: If elot ¢ {+¥,—¥} thenrange > elot > 0.
for all e € Rthatare neitherwinnernor looserdo
2 Communicatee andthe valuee.lot to e.succandreceve the corresponding
valuese.predandl; = e.pred — lot from thepredecessauf €;
3 Communicatehe valuee.lot to e.pred andreceve thevaluel, = e.succ—
lot;
Rul eQut (g13,12);
Communicateew winners, p-winness, looses ands-looses;
if eis p-winnerA eis notlooserthen declaree winnerelse declaree looser,
if eis s-looserA eis notwinnerthen declareelooser,
Sete.lot to +¥ for winneisandto —¥ for loosers;

lengh:= 2range— 1; range:= 2|log, range| + 1;

until (R containsonly elementshat are winnersor looser$ v (lengh < k);
return SetSofwinners.

© 00 N o 0 b

3.2 A randomized algorithm with better performance

In this section,we will describea randomizedalgorithmfor which we will have a better
performancehan for the deterministicone, asshovn in Section4, andthatis easierto
implement.It usesthetechniqueof independensets asdescribedn Jaja 1992. An inde-
pendentsetis asubset of thelist-itemssuchthatno two itemsin | areneighborsn the
list. In factsuchasetl only containsinternal itemsi.e. itemsthatarenot a heador a tail
of oneof the sublists. Theseitemsin | are “shortcut'by the algorithm: they inform their
left andright neighborsabouteachother suchthatthey canpoint to eachotherdirectly.
The advantageof this techniquecomparedo Algorithm 2 is that the constructionof the
setthatgoesinto recursiorrequiresonly onecommunicatiomoundin eachrecursve call.
To limit thenumberof superstepghedepthof therecursiorhasto berelatively smalland
this canbe ensuredf the sizeof theindependensetis sufciently largein eachrecursive
call. Algorithm 5 solvesthe LRP with this techniquen the CGM model.

It is easyto seethat Algorithm 5 is correct. The following is alsoeasyto seewith an
amumentoverthecorvergenceof &; €, forary 0 < e< 1.

LEMMA 1. Supposehereis an 0 < e < 1 for which we ensue for the choicesof | in
“independentset” sudithat|l| > e|L|. Thentherecursiondepthand numberof supesteps
of Algorithm 5 is in O(log, /;_¢)|L|) and the total communicationand workload is in
O(IL]).
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Algorithm 5: IndRanking(L)List Rankingby IndependenSets

Input: Family of doublylinkedlists L (linkedvia I[v] andr[v]) andfor eachitemv a
distancevaluedist[v] to its right neighborr[v].

Output: For eachitem v the endof its list t[v] andthe distanced|v] betweenv and
t[v].
if L is smallthen sendL to processof andsolve the problemsequentially;
else
independentset Let| beanindependensetin L with only internalitemsandD = L\ I;
—D foreachi €| do Sendl[v]tor[v];
—D foreachi € | do Sendr[v] anddist[v] to |[V] ;
I — foreach ve D with [[v] € | do
Let nl[v] bethevaluereceivedfrom I[v];
Setol[v] = 1[v] andl[v] = nl[v];
I— | foreachve Dwithr[v] €l do
Let nr[v] andnd[v] bethevaluesreceiedfrom r[v];
Setr[v] = nr anddist[v] = dist[v] + nd[V];
recurse | ndRankng(D);
— 1 foreach v e D with ol[v] € | do Sendt[v] andd[v] to ol[V] ;
p— | foreachiel do
Let nt[v] andnd[v] bethevaluesrecevedfrom r[v];
Sett[v] = nt[v] andd[v] = dist[v] + nd[V];

Notethatin eachrecursionroundeachelementof the treatedist communicates con-
stantnumberof times (at mosttwo times). The valuesfor small can be parametrized.
If, for instance,we choosesmall equalto %, thenthe depthof the recursionwill bein
O(logy/(1_¢) P), and Algorithm 5 will requireO(log, (;_¢) P) SuperstepsAlso the total
boundon the work dependsy a factorof 1/(1— e) from e. The communicatioron the
otherhanddoesnotdependn e. Everylist itemis memberof theindependensetat most
once.Sothecommunicatiorthatis issuedcanbedirectly chagedto the correspondingl-
ementf |. We think thatthis is animportantfeaturethatin factkeepshe communication
costsof any implementatiorguite low.

Soit remainsto see,how we canensurethe choiceof a good(i.e. nottoo small)inde-
pendenset.

LEMMA 2. Supposeveryitemyv in list L hasan integer value A[v] that is randomly
chosenin the interval [1,K], for somevalueK. Let! the setof itemsv that havevalues
smalleror equalthantheir left neighborl, Alv] < A[l] andstrictly smallerthanthe oneof
their right neighborr, Alv] < Ar]. Thenl is anindependensetof L andthe expectedsize
ofl is

(i) =3 (1- g ) Lk &

Proor. Clearlyl is anindependenset. For the probability obsene thatif we choose
A[v] at randomthe probability thata neighborw hasa randomvalue Ajw] thatis strictly

lessthanA[v] is %‘l Sothe probabilitythatthe neighborvalueontheleft is strictly less
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andtheneighborvalueontheright is lessor equalis
AV 1AV A2V AV

= ——. 2
K K K2 K2 @
Sothetotal probability summarizedver all valuesof A[v] for suchaneventis
1872 i 158 ,, 1 1
Rgl(@—ﬁ)-@g(' —)=3"3c ®)
o O

For theimplementatiorsideof Algorithm 5 we haveto becarefulnotto spendoo much
time for

(a) initializing therecursionand
(b) choosing(pseudoyandomnumbersA[v].

In fact,we ensurga) by anarraythatalwaysholdsthe active elementsi.e. thoseelements
thatwere not foundin setsl in recursionlevels above. By thatwe do not have to copy
thelist valuesthemselesandtherecursiondoesnot createary additionalcommunication
overhead.

For (b), obsene that for the proof it was not necessaryhat the whole sequencavas
independenbut thatit is sufcient thateachconsecutie triplet of valuesis independent.
We madeour experimentswith the following technique.Every item v basicallyusesits
own (storage)numberto computeA[v]. To ensureindependencef the the neighboring
valueswe useA[v] = N-vmodK for somevaluesN andK thatarechosenthe sameon
all processorsTherebywe avoid to communicatehe valuesthatarechosensincewhen
necessargry processocancomputethe valuesfor its neighbordrom theirname.

To ensurethat the valuesobtainedby this computationare still sufciently distinctin
lower levels of recursionwe choosdor eachsuchlevel R a differentlargenumberNg and
setA[v] = Nr-v modK.

4. IMPLEMENTATION

Ourcoderunson PC-clustersvith differentinterconnectiometworks,anSGI Origin 2000,
an SGI PCA clusterof 4 sharednemorymultiprocessorsa Cray T3E and SUN worksta-
tions. We preferredo focusontheresultsobtainedonaspeci ¢ PCclusterandthe Origin
2000becauseve think thatthey arerepresentatie.

For the PCs, the testswere run on the POPC clusterof the ENS Lyon'. It has12
PC at 200 MHz running underlinux. EachPC hasa memoryof 64 MB. The PC are
interconnecteavith a high speedl.28Gb/sSMYRINETI network.

The otherseriesof testswererun on the Origin 2000" of the CentreCharlesHermite’.
It has64 processorfR10000at 195 MHz. Thememoryis directly sharedbetweerpairsof
processorsBeyondthatphysicalcoupling,by hardwarecachingthe entirememorycanbe
accessebly ary processar

Thttp://iwwwens-lyon.fr/LHPC/ANGLAIS/popc.html/
i http://wwwens-lyon. fr/

it http://wwwmyri.com/
WVhttp://cch.loria.fripreseation/mateiel. htmi#origin
Vhttp://cch.loria.fr/
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The implementatiorof the algorithmswas done—aswe think— quite carefullyin C++
andbasedon MPI, one well-known interfaceof messageassinglibraries betweenpro-
cessesTheuseof C++ allowedusto actuallydo theimplementatioron differentlevels of
abstraction:

(1) onethatinterfacesour codeto oneof themessag@assindibraries,
(2) onethatimplementghe CGM modelitself, and
(3) thelastthatimplementshespeci c algorithmsfor the LRP.

Oneof our intentionsfor this hierarchicaldesignis to replacemessageassingn (1) by
sharednemorylateron.

On both architecturesve usedthe native C++ compilerswith maximumlevel of opti-
mizationturnedon.

For theexperimentnthe PCcluster we madetestswith two differentimplementations
of MPI, MPI-BIPY thatusesspeci ¢ featuresf thatnetwork andlam"' thatis build upon
standardunix soclets. Sincetherewas no substantiadifferencein the performanceof
thesetwo, we only documenthe experimentsdonewith lam.

On the Origin 2000we usedthe proprietaryMPI implementatiorof SGI. This imple-
mentationhasthe advantageto usethe sharedmemoryhardware of the platform. On the
otherhand,it hadthe disadwantagethatit seemdo be quite greedyin memoryconsump-
tion, whichinhibitedary performanceainfor morethan50 processors.

4.1 Execution times

We reporton executiontimes,measuredn wall clock time which passedvhenexecuting
on machineghatwhereresenedfor our programsiuringthetests.We foundthis the only
reliablemeasurehatallows atleastsomecomparisorbetweerdifferentarchitectures.

Besidegherunningtimeswe alsomeasureaputimesasreportedoy the unix kernels,
times passedn our library, times passedor communicationpandwidthand numberof
messageshat were exchanged. Thesedon't deviate much from the predictionsof the
modelandwe referthe curiousreaderto the web pageof the opération CGM"" for these
additionalstatistics.

Firstwewill brie y discusghesequentiahlgorithmthatwe useto compareor compar
ison. Then,we will presenthe executiontimesfor Algorithm 2 onthe PC cluster Since
theresultsarenot competitve, we restrictthe discussiorto Algorithm 5 thereafter

4.1.1 Thesequentiallgorithm.. To solve the generalLRP an algorithmcan not sim-
ply run througheachcomponenbf the collectionof linked lists becausét hasno apriori
knowledgeabouttheir startingpoints. A direct algorithmwould usually computethese
startingpoints rst. Thereforeit hasto toucheachelementleasttwicein arandomorder
andthusproducingin generatwo (time consumingachemissegeritem.

Ouralgorithmworksasfollows, seeAlgorithms6 and?. It visits theitemsoneafterthe
otherandkeepstrack of whetheror not a item of thelist hasalreadybeenvisited. If the
actualitemv hasalreadybeenvisited,it doesnothingandproceedso theelementv+ 1. If
theactualitem hasnot yet beenvisited,we markit asvisitedandrecursvely visit the next

Vf_http://lhpca.urvi-lyonl.fr/indexbip.html
V' http:/iwwwmpi.nd.edu/lam/
Vil http:/iwwwloria.fr/ gustedt/gm/
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Algorithm 6: SeqLi st Ranki ng

Input: TableR of nlinkeditemse with pointere.succanddistancevaluedist.

Task: Modify e.succande.dist for all e € R s.t. e.succpointsto the neareselement
s € R accordingto the list having no successofe.succ= nil) ands.t. e.dist
holdsthe sumof the original dist valuesalongthelist uptos.

for i =1,...,ne= R[i] do Mark e asbeingunvisited;

fori=1,...,ne=Ri] do

if eis unvisitedthen
L | visit (e)

Algorithm 7: vi si t
Input: Linkeditem e with pointere.succanddistancevaluedist.
Output: Item s with s.succ= nil the endpointof thelist startingat e, andd the dis-
tancefrometos
if eSucc= nil then return eande.Dist;
if eis visitedthen return e Succande.Dist;
Otherwisdet sandd bethereturnvaluesof vi si t (e.Suco);
Mark e asbeingvisited,;
Stores andd + e.Dist ase.Succande.Dist respectiely;
return sandd + e.Dist;

item v.succin thelinkedlist. If by following theselinks we nally nd theendof thelist
we trackback.

By this simpletechniquewe ensurghatthelink v.succfrom ary itemv is only followed
atmostonceandthusthatthe numberof purerandomaccessess minimizedto oneaccess
perlink. All othermemoryaccesss eitherdone

—sequentiallyby steppingthrougharraysof itemsin order or backingtracking on the
stack,or

—by write throughsdirectly to memory (lines “Mark” and “Store”) that must not pass
throughthe cache.

andthusare handledmore effecientby the platform thanthe directalgorithmmentioned
aborve. We obseredthatoursequentiahlgorithmshave thesameperformancesdescribed
by LambertandSibeyn 1999which to uslooks muchmoresophisticatedSeeTable2 for
acomparison.

Our runningtimeson the two differentarchitecturesrealreadyquite different. On the
PCwe have about365CPU cyclesperitem, whereaghe Origin outperformghis with the
value of about160. Sincememoryaccesss the main bottleneckof this algorithm, this
differenceis probablydueto the substantiabifferencein bus speed,cacheand memory
sizesof the platforms.

4.1.2 PCcluster. Figure2 givesthe executiontimesper elemenin functionof thelist
sizefor Algorithm 2 on the PC cluster whereadrigures3 and4 arefor Algorithm 5. To
coverthedifferentordersof magnitudebetter all axisaregivenin alogarithmicscale.

The lists weregeneratedandomlywith the useof randompermutations.For eachlist
size,the programwasrun (at least)5 timesandthe resultis the averageof theseresults.
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Fig.3. Executiontimesperelementfor Algorithm 5for 12 PCin a cluster startingon top with thetimesfor 2
PCgoingdown stepby stepto thetimesfor 12 PC.
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CPU cycles per item
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256
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Fig.4. Executiontimesperelementor Algorithm 5 onaPCcluster Theresultsgivenin threedimensionsare
the sameasthosegivenin Figure3.

For a x edlist size,very smallvariationsin time could be noted. Figure4 demonstrates
well the scalabilityof our program.

p variesfrom 2 to 12 for both Algorithms. All the curves stop beforethe memory
saturatiorof the processorsWe startthe measureor lists with 1 million elements.

Algorithm 2 is always slower thanthe sequentialbone. Neverthelessthe parallel ex-
ecutiontime decreasesvith the numberof usedPC. One might expectthat the parallel
algorithmbecomedasterthanthe sequentiabnewith the useof more PC, but no cluster
of morethan12 PCwasatourdisposalFor Algorithm 5, from 9 PCtheparallelalgorithm
becomedasterthanthe sequentiabne. The parallelexecutiontime decreasesalsowith
the numberof usedPC. The absolutespeedupsareneverthelessmall sincefor 12 PCfor
instancehe obtainedspeedups equalto 1.3.

4.1.3 Origin 2000.. The presentatiorof the resultsin Figures5 and6 for Algorithm 5
on the Origin 2000is equalto the onegivenfor the PC cluster Obsene thatdueto the
much betterperformanceof the sequentiablgorithm on this architecturethe break-een
pointfor achieving the samerunningtimesasin sequentials only at 16 processors.

On the otherhandobsene thatthe speedcomputedn numberof clock cyclesfor the
parallelalgorithmdon't deviate too muchwhenusingthe sameamountof processorsSo,
this givesan exampleof an algorithmwerethe the relative expensve architectureof the
Origin 2000doesnt pay off whencomparedo therelatively cheapPCarchitecture.

4.1.4 Comparison.If we comparehetwo algorithms,we cannotethat:

(1) Theuseof alargeramountof processor§for the Origin only valid upto 50 processors)
leadto animprovementon the real executiontimes of the parallel program,which
provesthe scalabilityof our approach.

(2) Algorithm 5 is moreef cient thanAlgorithm 2. This easilycanbe explainedby the



16 . Isabelle Guérin Lassous and Jens Gustedt

1000 T
sequential  +
sequential -------

AN 4 proc —--x-—-
S __—--—8proc ---*---
T 12 proc —+—
T 16 proc &
- ——— 20 proc —-m--
VR .
x 25 proc ---e---
---83proc -
50 proc
£ K
2 : e
o]
Qo
(%]
@
o
&) el
o) - &
o S . IR
) = .
i T
a T T
l/// - o- TR LT
100 < 4
o . o
e
-
A
Il Il
1le+06 le+07 1le+08

number of elements

Fig.5. Executiontimesperelementor Algorithm 5 for processorsn anOrigin 2000

CPU cycles per item

1024

512

256

128

64

3 e . s 1e+07, ber of items

processors 32 7 1e+06

Fig.6. Executiontimesperelementor Algorithm 5 onanOrigin 2000



Portable List Ranking: an Experimental Study . 17

factthat Algorithm 5 requireslesscommunicatiorroundsand smallerworkloadand
communicatiorcosts. We alsonotedthatfor Algorithm 5, the sizeof | is aboutone
third of L asproven.

(3) Ourportablecodedoesnotleadto effective speedups.

4.2 Veri cation of the complexity

A positive factthatwe candeducdrom theplotsgivenaboreis thatthe executiontime for
a x edamountof processorp showvs a linearbehaior asexpected(whateverthe number
of usedprocessorsnaybe).

For increasingamountof dataand x ed p the numberof superstepsemainsconstant.
As a consequencdhe total numberof messages constant{oo. Sodo the costsfor ini-
tiating messagesvhichin turn correspondo the offsetsof the curvesof thetotal running
times. On the other hand, the size of messagesaries. But from Figures3 and5, we
seethatthe time for communicatingdatais alsolinearin n. Therefore we cansaythat,
for this problem(thatleadsto quite sophisticategbarallel/distritutedalgorithms) thelocal
computationandthenumberof communicatiomoundsaregoodparameter$o predictthe
gualitatve behaior. Neverthelessthey are not sufcient to be ableto predictthe con-
stantsof proportionalityandto know the algorithmsthatwill give ef cient resultsor not
(asnoticedfor Algorithm 2).

If moreover, we take the overallworkloadandcommunicatiorinto accountwe seethat
Algorithm 5 having aworkloadcloserto the sequentiabne,leadsto moreef cient results.

4.3 Taking memory saturation into account

Thispicturebrightensf wetake thewell known effectsof memorysaturatiorinto account.
In Figure3, all the curvesstopbeforethe swappingeffectson PC.Dueto theseeffectsthe
sequentiablgorithmchangests behaior drasticallywhenrun with morethan6 million
elements.For 6.7 millions elementsthe executiontime is over 3000 secondgwhich is
not far from onehour), whereasAlgorithm 2 cansolve the problemin 21.8 secondsith
12 PC and Algorithm 5 doesit in 10.41 secondswith 12 PC. To handlelists with 18
millions elementswith Algorithm 2 we need71 secondsandwith 17 millions elements
with Algorithm 5 27.09 seconds. So our algorithmsperform well on lists that can be
consideredargefor a PCarchitecture.

For a sharedmemoryarchitectureas the Origin 2000this advantagecant play. The
single processothat executeghe sequentiatodehasaccesgo the sametotal amountof
(expensie) memoryasthe setof p processorshatexecutea parallelalgorithm.
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