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We presentandanalyzetwo portablealgorithmsfor theList RankingProblemin theCoarseGrainedMulticom-
putermodel (CGM). We reporton implementationsof thesealgorithmsandexperimentsthat weredonewith
theseon a varietyof parallelanddistributedarchitectures,rangingfrom PCclustersto a mainframeparallelma-
chine.With theseexperiments,we validatethechosenCGM model,andalsoshow thepossiblegainsandlimits
of suchalgorithms.

1. INTRODUCTION AND OVERVIEW

Why List Ranking.

The List RankingProblem, LRP, re�ects one of the basicabilities neededfor ef�cient
treatmentof dynamicaldatastructures,namelytheability to follow arbitrarily long chains
for referencesandto computethedistance(or otherparameters)to theendof suchachain
of references.List Rankingproblemsareproblemsconcerninga linkedlist, i.e is a setof
nodessuchthateachnode(but thetail of thelist) pointsto anothernodecalledits successor
andthereis nocycle in sucha list. TherestrictedLRPconsistsin determiningtherankfor
all nodes,thatis thedistanceto thelastnodeof thelist.

To be able to usean LR algorithmasa subroutinefor other algorithms,it mustalso
be able to handlecollectionsof lists, that are not necessarilyconnected.Thereforewe
work in a moregeneralsettingwherethelist is cut into sublistsandthenthegeneral LRP
consistsin identifying for all nodestheheadof theparticularsublistanddeterminingtheir
individualdistanceto thathead.Figure1 givesanexampleof thegeneralLRP(calledonly
LRPhenceforth).Thecirclednodesarethelastnodesof sublists.

LRP hasobvioussolutionsin sequentialcontexts of computation,but theperformance
of implementationsof suchsequentialalgorithmsis alreadysurprisinglybad: up to our
knowledgethebestonesneedbetween150to 450CPUcyclesperelement(dependingon
theplatform),whereasthe relatedproblemof computingthepre�x sumof anarrayonly
requiresabout10. This canby explain by The non locality of the datain this algorithm
thatimpliesnumerouscachemisses.

Alreadythis restrictedperformancein a sequentialsettingwould well motivateany at-
tempt to seekparallel solutionsfor this problems. In addition for many parallel graph
algorithmsList Rankingis crucialasasubroutine.

Whereasthis problemseems(ata �rst glance)to havestraightforwardsolutionsin a se-
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Fig. 1. Exampleof theLRP

quentialsetting,techniquesto solve it ef�ciently in parallelquickly getquiteinvolvedand
areneithereasilyimplementednordothey performwell in apracticalsettingin mostcases.
Many of thesedif�culties aredueto thefact thatuntil recentlyno generalpurposemodel
of parallelcomputationwasavailablethatallowedeasyandportableimplementations.

Some parallel models.

Thewell studiedparallelalgorithmsfor theLRP, seeKarpandRamachandran1990for an
overview, are�ne grainedin nature,andwrittenin thePRAM model;usuallyin algorithms
written in thatmodelevery processoris only responsiblefor a constantsizedpart of the
databut mayexchangesuchinformationwith any otherprocessorat constantcost.These
assumptionsarefar from beingrealisticfor a foreseeablefuture: thenumberof processors
will very likely bemuchlessthanthesizeof thedataandthecostfor communication—be
it in time or for building involvedhardware—will beat leastproportionalto thewidth of
thecommunicationchannel.

Other studiesfollowed the available architectures(namelyinterconnectionnetworks)
morecloselybut hadthedisadvantageof not carryingover to differenttypesof networks,
andthennot to leadto portablecode.

This gapbetweenthe availablearchitecturesandtheoreticalmodelswasnarrowed by
Valiant 1990 by de�ning the so-calledbulk synchronousparallel machine,BSP. Based
uponthe BSP, the model that is usedin this paper, the so-calledCoarseGrainedMulti-
processor, CGM, wasdevelopedto combinetheoreticalabstractionwith applicabilityto a
wide rangeof architecturesincludingmainframeparallelcomputersaswell asdistributed
systems,seeDehneet al. 1996. It assumesthat thenumberof processorsp is smallcom-
paredto the sizeof the dataandthat communicationcostsbetweenprocessorsarehigh.
Oneof the main goalsfor algorithmsformulatedfor that model is to reducethesecom-
municationcoststo a minimum. The�rst measurethatwasintroducedwasthenumberof
communicationrounds:analgorithmis thoughtto performlocal computationsandglobal
messageexchangesbetweenprocessorsin alternation.This is calledrounds.Thismeasure
is relatively easyto evaluatebut focusingon it alonemay hide the real amountof data
exchangesbetweenprocessors,and,in additionthetotal CPUresourcesthatanalgorithm
consumes.SeeGuérin Lassouset al. 2000for a broaderdescriptionof the CGM model
andfor a discussionof differenttypesof algorithmsdesignedtherefore.

Previous algorithms in the coarse grained models.

The �rst proposedalgorithmin the coarsegrainedmodelsis a randomizedalgorithmby
DehneandSong1996thatperformsin O

�
logplog � n� rounds(p is thenumberof proces-

sorsandn thesizeof thelinkedlist) with aworkload(totalnumberof localsteps)andtotal
communicationsize of O

�
nlog� n� (log� n � min� i � log � i � n 	 1 
 ). Then,Cacereset al.

1997gaveadeterministicalgorithmthatneedsO
�
logp� roundsandaworkload/totalcom-

municationof O
�
nlogp� . Thesetwo algorithmsweredesignedin theCGM model.As far

asweknow, no implementationsof thesealgorithmshavebeencarriedout.
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reference comm.rounds CPUtime & communication
DehneandSong1996 logp log� n n log� n rand

Cacereset al. 1997 logp n log p det

Sibeyn 1997 n aver
Sibeyn 1999 loglogn n log p aver

we logp log� p n log� p det
we logp n rand

Table1. Comparisonof our resultsto previouswork. O-notationomitted.

Previous practical work.

Very few articlesdealwith the implementationsidesof LRP. Reid-Miller 1994presentsa
speci�c implementationoptimizedfor theCrayC-90(vectorizedarchitecture)of different
PRAM algorithmsthatgivesgoodresults.In DehneandSong1996,somesimulationshave
beendone,but they only give someresultson the numberof communicationrounds. In
Pateletal. 1997,�ne-grainedimplementationsof List Rankingarestudiedfor applications
suchas computervision and imageprocessing.Their approachtakesadvantageof the
locality andconnectivity propertiesof images.They comparedifferentalgorithms,but no
speedupresultsaregiven.

Sibeyn 1997andSibeyn et al. 1999give severalalgorithmsfor theLRP with someal-
gorithmsderivedfrom known PRAM techniquesandsomenew ones.They �ne-tune their
algorithmsaccordingto the featuresof the interconnectionnetwork of the Intel Paragon
andtheir codeusesthecommunicationlibrary dedicatedto theParagon.The authorsdo
notmentiontheportabilityaspectsof their implementations.

Sibeyn 1999andLambertandSibeyn 1999proposeanalgorithmthathasa total com-

municationsizeof
�
6 � 3lnd � 6ln p

d � 1 � n whered is thenumberof recursionsteps.It requires

6 � 2d � loglogn� communicationrounds(their costmeasureis a simpli�cation of BSP).
Thesealgorithmshave beenimplementedon an Intel Paragon(with theNX communica-
tion library) anda clusterof workstations.On the Intel Paragon,speedupsareobtained
for p greaterthan16 andn greater1 million. On theworkstationscluster, only restricted
speedupsareobtainedfor 16workstationsandlists of sizegreaterthan1 million.

machine times processors
reference CPU speed architecture datarange seq para min max
Lambert and
Sibeyn 1999

i686 300MHz 16 � 2-proc,100Mbs 1M–10M 350–385 220 16? 16

i680 XP Paragon 1000–1M 16? 64

thispaper RS1000 195MHz 32 � 2-proc,sharedmem 1M–10M 160 80 16 50
i686 200MHz 12PC,Myrinet 1M–200M 365 290 9 12

Table2. Runningtimes(CPUcyclesperitem) in differentimplementations
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This paper.

In thispaper, weaddressourselvesto theproblemof designingalgorithmsthatgiveportable,
ef�cient andpredictive codefor LRP. We do not pretendto have thebestimplementation
of theLRP, but we tried to achieve threedifferentgoals,namelyto beportable,ef�cient,
predicitiveat thesametime. Especially, theimplementationwasdonecarefullyto havethe
bestpossibleresultswithout loosingatportability level.

We proposetwo algorithmsdesignedin the CGM model. First, we proposea deter-
ministic algorithmthathasbetterworkloadandtotal communicationsizethantheprevi-
ouslyknown algorithmsin thecoarsegrainedmodels.Nevertheless,it only seemsto beof
theoreticalinterest,becauseit doesno leadto ef�cient practicalresultsasshown in Sec-
tion 4. Thenwe proposea randomizedalgorithmthathasbettertheoreticalcomplexities
on averageandthatgivesbetterperformances.We give the experimentalresultsof their
implementations.Thecodeof thedifferentimplementationsandthedocumentationof the
experimentscanbefoundat thefollowing address:http://www.loria.fr/˜gustedt/cgm.Our
coderunson PC-clusterswith differentinterconnectionnetworks,anSGI Origin 2000,an
SGIPCAclusterof 4 sharedmemorymultiprocessors,aCrayT3EandSUNworkstations.
We preferredto focuson theresultsobtainedon a speci�c PCclusterandtheOrigin 2000
becausewethink thatthey arerepresentative.

Table1 comparestheexistingcoarsegrainedalgorithmsandthealgorithmswe propose
concerningthenumberof communicationroundsandthetotal workloadandthetotal size
of exchangeddata.randstandsfor randomizedanddet for deterministic.We mentionthe
algorithmsof Sibeyn 1997andSibeyn 1999,not designedin the CGM model, for their
practicalinterest.

Table2 comparesexperimentalresultsof LambertandSibeyn 1999andthosepresented
in this paper. Our sequentialrunningtimesareobtainedwith a straightforwardsolution
of general LRP. Themin numberof processorsis thebreak-evenpoint to obtainthesame
runningtimesassequential.Theparalleltimesarethetimesobtainedwith themaxnumber
of processors.We do not give thetimesobtainedon theParagonbecausewe arenot sure
abouttheprocessorspeed,sinceit wasnotgivenby theauthors.Webasedourcomparison
ontheclockcyclesbecausethisparameterallowsanaturalcomparisonwith thesequential
algorithms.

Thepaperis organizedasfollow: we give themainfeaturesof theCGM modelin Sec-
tion 2. Next, we presenta deterministicalgorithmfor solvingtheLRP in Section3.1,and
a randomizedalgorithmin Section3.2. Section4 concernstheresultsof theimplementa-
tions.

2. THE CGM MODEL FOR PARALLEL/DISTRIBUTED COMPUTATION

The CGM model initiated by Dehneet al. 1996 is a simpli�cation of BSPproposedby
Valiant 1990. Thesemodelshave a commonmachinemodel: a setof processorsthat is
interconnectedby a network. A processorcan be a monoprocessormachine,a proces-
sorof a multiprocessorsmachineor a multiprocessorsmachine.Thenetwork canbeany
communicationmediumbetweentheprocessors(bus,sharedmemory, Ethernet,etc).

TheCGM modeldescribesthenumberof dataperprocessorexplicitly: for a problem
of sizen, it assumesthat the processorscanhold O

� n
p � datain their local memoryand

that1 � n
p. Usuallythelaterrequirementis put in concretetermsby assumingthat p 	 n

p
becauseeachprocessorhasto storeinformationabouttheotherprocessors.
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Algorithm 1: Jump
Input: SetRof n linkeditemsewith pointere� succanddistancevaluedist andsubset

Sof R of markeditems.
Task: Modify e� succande� dist for all e � R � Ss.t.e� succpointsto thenearestelement

s � Saccordingto thelist ands.t.e� dist holdsthesumof theoriginaldist values
alongthelist up to s.

while thereare e � R � Ss.t.e� succ �� Sdo
for all such e � R do

A Invariant: Everye �� Sis linkedto by atmostone f � succfor somef � R.
1 Fetche� succ� dist ande� succ� succ;
2 e� dist += e� succ� dist;
3 e� succ= e� succ� succ

The algorithmsarean alternationof supersteps. In a superstep,a processorcansend
or receive onceto andfrom eachotherprocessorandtheamountof dataexchangedin a
superstepby oneprocessoris at mostO

� n
p � . Unlike BSP, thesuperstepsarenot assumed

to besynchronizedexplicitly. Sucha synchronizationis doneimplicitly during thecom-
municationssteps. In CGM we have to ensurethat the numberR of superstepsis small
comparedto thesizeof the input. It canbeshown that the interconnectionlatencywhich
is oneof themajorbottlenecksfor ef�cient parallelcomputationcanbeneglectedif R is
a functionthatonly dependson p (andnot on n thesizeof theinput), seeGuérinLassous
et al. 2000.

Besidesits simplicity, this approachalsohasthe advantageof allowing designof al-
gorithmsfor a large variety of existing hardwareandsoftwareplatforms,andespecially
clusters.It doesthis without goinginto thedetailsandspecialcharacteristicsof suchplat-
forms,but givespredictionsin termsof thenumberof processorsp andthenumberof data
itemsn only.

3. TWO COARSE GRAINED ALGORITHMS FOR LIST RANKING

The two proposedalgorithmsarebasedon PRAM techniquesusedto solve theLRP. Di-
rectly translatingthe PRAM algorithmsinto CGM algorithmswould leadto algorithms
with O

�
logn� supersteps,what the CGM model doesnot recommend.Someefforts to

boundthenumbersuperstepshaveto beadded.For instance,wecanreducethesizeof the
problemto ensurethatafterO

�
logp� superstepstheproblemcanbesolvedsequentiallyon

oneprocessor. At thesametime, we have to payattentionto theworkload,aswell asto
thetotal communicationbandwidth.

3.1 A deterministic algorithm

The deterministicalgorithmwe proposeto solve theLRP is basedon two ideasgiven in
PRAM algorithms.The�rst andbasictechnique,calledpointerjumping, wasmentionned
by Wyllie 1979.ThesecondusedPRAM techniqueis ak-ruling set, seeColeandVishkin
1989.Weusedeterministicsymmetrybreakingto obtainak-ruling set,seeJájá1992.Such
a k-ruling setSis asubsetof theitemsin thelist L suchthat

(1) Every item x � L � Sis at mostk links away from somes � S.
(2) No two elementss� t � Sareneighborsin L.
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Algorithm 2: ListRankingk

Input: n0 totalnumberof items,p numberof processors,setL of n linkeditemswith
pointersuccanddistancevaluedist.

Task: For every itemesete� succto theendof its sublistt ande� dist to thesumof the
originaldist valuesto t.

if n 	 n0 � p then
1 Sendall datato processor0 andsolve theproblemsequentiallythere.

else
2 Shortenall consecutivepartsof thelist thatliveon thesameprocessor. ;
3 for everyitemedo e� lot � processor-id of e;
4 S � Rulingk

�
p � 1 � n � L � ;

5 Jump
�
L � S� ;

6 for all e � Sdo sete� succto thenext elementin S;
7 ListRankingk

�
S� ;

8 Jump
�
L � � t 
 � ;

Concerningthetranslationin theCGM model,theproblemsareto ensurethat thesizeof
thek-ruling setsdecreasesquickly at eachrecursive call to limit thenumberof recursive
calls(andthenof supersteps)andto ensurethat thedistancebetweentwo elementsin the
k-ruling setis not too longotherwiseit would imply aconsequentnumberof superstepsto
link theelementsof thek-ruling set.

Algorithm 1 implementsthewell known pointerjumpingtechnique.

PROPOSITION 1. Let R and S be inputs for Jump, and let � be the maximumlength
of an elementx � R � S to the next elements � S. ThenJump

�
R� S� requiresO

� � log2 l � �
superstepsandO

�
l � log2 l � � workload/totalcommunicationssize. �

Becauseof InvariantA we seethatJump caneasilyberealizedon a CGM: just let each
processorperformsthestatementsinsidethewhile-loop for theelementsthatarelocated
at it. Theinvariantthenguaranteesthateachprocessorhasto answeratmostonequeryfor
eachof its itemsissuedby line 1. Sononeof theprocessorswill beoverloadedatany time.

It showsthattheCGM pointerjumpingtechniquealgorithmperformsin O
� � log2n� � su-

perstepsandO
�
n � log2n� � workload/totalcommunicationssize.Dueto theimplied work-

load and total communicationssize, this algorithm is unlikely to lead to ef�cient code.
Therefore,we can not just usethis techniqueto solve the LRP, but we can useit as a
subroutineof our algorithm.

Algorithm 2 solves the LRP in the CGM model. It implementsthe techniqueof the
k-ruling setin CGM: thegoal is to reducethesizeof the list with thebuild of a k-ruling
set;whenthenew list canbestoredin themainmemoryof oneprocessor, thentheprob-
lem is solvedsequentially;otherwisethealgorithmis calledrecursively. Thepoint, here,
is to have a small numberof rounds(a slowy growing function dependingon p for in-
stance),comparedto theO

�
logn� roundsneededin thePRAM algorithmsusingthesame

techniques.At thesametime, we have to payattentionto theworkload,asthetotal com-
municationbandwidth.

PROPOSITION 2. SupposewehaveanimplementationRuling k of a k-ruling setalgo-
rithm thenListRanking k canbeimplementedona CGM such that it usesO

� � log2k � �
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Algorithm 3: RuleOut
Input: item e with �elds lot, succandpred, andintegersl1 andl2 thataresetto the

lot valuesof thepredecessorandsuccessor, resp.
if

�
e� lot � l1 ��� �

e� lot � l2 � then
1 Declareewinnerandforcee� succande� pred looser;

else
2 if l1 � � ¥ then Declaree p-winnerandsuggeste� succs-looser;
3 else

Let b0 bethemostsigni�cant bit, for whiche� lot andl1 aredistinct;
Let b1 thevalueof bit b0 in e� lot;
e� lot : � 2 � b0 � b1.

communicationroundsper recursivecall and requiresan overall bandwithandprocess-
ing time of O

�
n � log2k � � whennot counting the correspondingmeasures that calls to

Ruling k need.

PROOF. Theonly critical partsfor thesestatementsarelines5, 6 and8. Proposition1
immeadiatelygives an appropriateboundon the numberof communicationroundsfor
line 5. After line 5, sinceevery elementL � Snow pointsto thenext elements � S, line 6
can easily be implementedwith O

�
1� communicationrounds. After commingup from

recursioneverys � Sis linkedto t, soagainwecanperformline 8 in O
�
1� communication

rounds.Soin total thisshows theclaim for thenumberof communicationrounds.
To estimatethe total bandwidthandprocessingtime observe thateachrecursive call is

calledwith at mosthalf theelementsof L. Sotheoverall resourcescanbeboundedfrom
aboveby a standarddominationargument �

Theinner(andinteresting)partto computea k-ruling setis givenin Algorithm 3.
Herean item e decideswhetheror not it belongsto the ruling setby somelocal value

e� lot accordingto two differentstrategies. By a winner (with e� lot setto � ¥ ) we denote
anelemente thathasalreadybechoosento bein theruling set,by a looser(with e� lot set
to � ¥ ) we denoteanelemente thatcertainlynot belongsto theruling set. For technical
reasonswe alsohave two auxiliary characterizations,p-winner, potentialwinner, ands-
looser, suggestedlooser. The algorithm will guaranteethat any of thesetwo auxiliary
characterizationswill only occurtemporarily. Any p-winneror s-looserwill becomeeither
winneror looserin thenext stepof thealgorithm.We give someexplanationson speci�c
lines:

line 1 First e lookswhetherthisvalueis largerthanthevaluesfor its two neighborsin the
list. If this is soit belongsto theruling set.

line 2 If this is not thecasebut its predecessorin thelist waspreviouslydeclaredlooserit
declaresitself ap-winnerandits successorans-looser.

line 3 The remainingelementsupdatetheir value e� lot by basicallychoosingthe most
signi�cant distinctbit from thevalueof thepredecessor.

Line 2 is necessaryto avoid con�icts with regardto Property2 of a k-ruling set. Suchan
elementcanonly beawinnerif its successorhasnotsimultanouslydecidedto beawinner.

Line 3 ensuresthat –basically–the possiblerangesfor the valuese� lot goesdown by
log2 in eachapplicationof RuleOut. Themultiplicationby 2 (thusa left shift of thebits
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by 1) andadditionof thevalueof thechosenbit is doneto ensurethatneighboringelements
alwayshavedifferentvaluese� lot.

Thewholeprocedurefor ak-ruling setis givenin Algorithm 4.

PROPOSITION 3. Ruling k canbeimplementedona CGMsuch that it usesO
�
log � q�

communicationroundsandrequiresanoverall bandwidthandprocessingtimeofO
�
nlog � q� .

Moreover, k is themaximumdistanceof anelementx � R � Sto thenext elements � S.

PROOF. InvariantC is alwayssatis�edif it wastrueat thebeginning:afterline 4, neigh-
boringelementshavealwaysdifferentvaluese� lot. After this line only winnersandloosers
modify their valuee� lot. Or accordingto thealgorithmRuleOut andlines6, 7 and 8, if e
is a winnerthene� succis a looserthereforethetwo valuese� lot aredifferent.Becauseof
InvariantC, we canseethattwo elementsof Sarenotneighborsin R.

range is themaximume� lot valuethatanelementof R mayhave. Let b bethenumber
of bits usedto representthe value e� lot. When consideringonly non-winnerand non-
looserelements,after line 4, themaximumpossiblevaluefor e� lot is 2

�
b � 1� � 1 that is

2 � log2 range� � 1. Moreover, the numberof bits usedto represente� lot is � log2b� � 1.
Thenumberof bitsdecreasesaslongasb � � log2b� � 1, thatis b � 3. By recurrence,it is

easyto show that,if bi is thenumberof bits to represente� lot atstepi, and � log � i �
2

�
q����� 2,

thenbi 	 � log � i �
2

�
q� � � 2. Then,afterm � log �2q steps,bm 	 3 ( � log � m�

2
�
q� � 	 1 with the

de�nition of log�2). Therefore,after log�2q � 1 steps,themaximumvaluerange is always
5. Then,length which is themaximumlengthof anelementx � R � Sto thenext element
s � S, is equalto 9. Winnersandloosersdo not modify the valuesof range andlength.
Therefore,if it existsnon-winneror non-looserelements,theloop is repeatedatmostuntil
length beequalto 9 thatis at mostlog � q � 1.

If theloopis exitedwhenRcontainsonly winnerandlooserelementsthenweclaimthat
thedistancebetweentwo winnersin Ris atmost3. Indeed,all theloosershaveat leastone
neighborthat is a winner. An elemente canbecomea looserin two ways: eitherit hasa
winnerneighbor, eitherit is a s-looserandit is not a winner(line 7). Or if it is a s-looser,
its predecessorf is ap-winner(line 2 of looser(line 2 of RuleOut) and f � succ� e is not
a winnerby hypothesis.Then f is a winner. Thereforethedistancebetweentwo elements
in Sis at most3. Moreover thenumberof iterationsof theloop is boundedby

�
log � q � 1�

andthemaximumdistanceof anelementx � R � Sis at most2
� 	 k � .

We canperformO
�
1� communicationroundsin lines2, 3 and 5. Sothetotal commu-

nicationroundsnumberis boundedby O
�
log � q� . �

PROPOSITION 4. If p � 17, ListRanking k can be implementedon a CGM such
that it usesO

� � log2 p� log�2p� communicationroundsand requiresan overall bandwidth
andprocessingtimeof O

�
nlog �2p� .

PROOF. In eachphaseof ListRankingk, Rulingk is calledwith the parameterq
equal to p � 1. According to Proposition2, k is at most equal to 9, thereforeif p �
17� � log2k� 	 log�2p. Then,ListRankingk usesO

�
log�2p� communicationroundsper

recursivecall.
At eachrecursive call, the numberof elementsof S is at mosthalf the elementsof L.

After � log2 p� steps,n 	 n0
p . ThereforeListRankingk usesO

� � log2 p� log�2p� commu-
nicationrounds. With the sameargument,the overall bandwidthandprocessingtime is
boundedby O

�
nlog �2p� . �
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Algorithm 4: Rulingk

Constants: k � 9 integerthreshold
Input: Integersq andn, setRof n linkeditemsewith pointere� succ, andintegere� lot
Output: SubsetSof theitemss.t.thedistancefrom any e �� Sto thenext s � Sis � k.

A Invariant: Every e is linked to by at mostone f � succfor somef � R, denoteit by
e� pred.

B Invariant: q � e� lot � 0.
1 range: � q;

repeat
C Invariant: If e� lot �� � ¥ thene� lot �� e� succ� lot �

B' Invariant: If e� lot �� � � ¥ � � ¥ 
 thenrange � e� lot � 0.
for all e � R thatare neitherwinnernor looserdo

2 Communicatee andthe valuee� lot to e� succandreceive the corresponding
valuese� predandl1 � e� pred � lot from thepredecessorof e;

3 Communicatethe valuee� lot to e� pred andreceive thevaluel2 � e� succ �
lot;

4 RuleOut
�
e� l1 � l2 � ;

5 Communicatenew winners, p-winners, loosersands-loosers;
6 if e is p-winner � e is not looserthen declaree winnerelse declaree looser;
7 if e is s-looser� e is not winnerthen declaree looser;
8 Sete� lot to � ¥ for winnersandto � ¥ for loosers;

9 length : � 2range � 1; range: � 2 � log2 range� � 1;

until (Rcontainsonlyelementsthatarewinnersor loosers) �
�
length � k� ;

return SetSof winners.

3.2 A randomized algorithm with better performance

In this section,we will describea randomizedalgorithmfor which we will have a better
performancethan for the deterministicone,asshown in Section4, andthat is easierto
implement.It usesthetechniqueof independentsets, asdescribedin Jájá 1992.An inde-
pendentset is a subsetI of the list-itemssuchthatno two itemsin I areneighborsin the
list. In factsucha setI only containsinternal itemsi.e. itemsthatarenot a heador a tail
of oneof thesublists.Theseitemsin I are`shortcut'by thealgorithm: they inform their
left andright neighborsabouteachothersuchthat they canpoint to eachotherdirectly.
The advantageof this techniquecomparedto Algorithm 2 is that the constructionof the
setthatgoesinto recursionrequiresonly onecommunicationroundin eachrecursivecall.
To limit thenumberof supersteps,thedepthof therecursionhasto berelatively smalland
this canbeensuredif thesizeof theindependentsetis suf�ciently largein eachrecursive
call. Algorithm 5 solvestheLRPwith this techniquein theCGM model.

It is easyto seethat Algorithm 5 is correct. The following is alsoeasyto seewith an
argumentover theconvergenceof å i e

i , for any 0 � e � 1.

LEMMA 1. Supposethere is an 0 � e � 1 for which weensure for thechoicesof I in
“independentset” such that � I � � e� L � . Thentherecursiondepthandnumberof supersteps
of Algorithm 5 is in O

�
log1� � 1 � ε � � L � � and the total communicationand workload is in

O
� � L � � .
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Algorithm 5: IndRanking(L)List Rankingby IndependentSets
Input: Family of doublylinkedlists L (linkedvia l � v� andr � v� ) andfor eachitem v a

distancevaluedist � v� to its right neighborr � v� .
Output: For eachitem v the endof its list t � v� andthe distanced � v� betweenv and

t � v� .
if L is smallthen sendL to processor1 andsolve theproblemsequentially;
else

independentset Let I beanindependentsetin L with only internalitemsandD � L � I ;��� D foreach i � I do Sendl � v� to r � v� ;��� D foreach i � I do Sendr � v� anddist � v� to l � v� ;
I ��� foreach v � D with l � v� � I do

Let nl � v� bethevaluereceivedfrom l � v� ;
Setol � v� � l � v� andl � v� � nl � v� ;

I ��� foreach v � D with r � v� � I do
Let nr � v� andnd � v� bethevaluesreceivedfrom r � v� ;
Setr � v� � nr anddist � v� � dist � v� � nd � v� ;

recurse IndRanking
�
D � ;��� I foreach v � D with ol � v� � I do Sendt � v� andd � v� to ol � v� ;

D ��� foreach i � I do
Let nt � v� andnd � v� bethevaluesreceivedfrom r � v� ;
Sett � v� � nt � v� andd � v� � dist � v� � nd � v� ;

Note that in eachrecursionroundeachelementof thetreatedlist communicatesa con-
stantnumberof times (at most two times). The valuesfor small can be parametrized.
If, for instance,we choosesmall equalto n

p, then the depthof the recursionwill be in
O

�
log1� � 1 � ε � p� , andAlgorithm 5 will requireO

�
log1� � 1 � ε � p� supersteps.Also the total

boundon thework dependsby a factorof 1� �
1 � e� from e. The communicationon the

otherhanddoesnotdependone. Every list item is memberof theindependentsetatmost
once.Sothecommunicationthatis issuedcanbedirectlychargedto thecorrespondingel-
ementsof I . Wethink thatthis is animportantfeaturethatin factkeepsthecommunication
costsof any implementationquitelow.

Soit remainsto see,how we canensurethechoiceof a good(i.e. not too small) inde-
pendentset.

LEMMA 2. Supposeevery item v in list L hasan integer valueA � v� that is randomly
chosenin the interval � 1 � K � , for somevalueK. Let I the setof itemsv that havevalues
smalleror equalthantheir left neighborl , A � v� 	 A � l � andstrictly smallerthantheoneof
their right neighborr, A � v� � A � r � . ThenI is an independentsetof L andtheexpectedsize
of I is

E
� � I � � � 1

3

�
1 � 1

K2 � � L � � (1)

PROOF. Clearly I is an independentset. For theprobabilityobserve that if we choose
A � v� at randomthe probability that a neighborw hasa randomvalueA � w� that is strictly
lessthanA � v� is A � v	 � 1

K . Sotheprobabilitythattheneighborvalueon theleft is strictly less
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andtheneighborvalueon theright is lessor equalis

A � v� � 1
K

A � v�
K

� A2 � v�
K2 � A � v�

K2 � (2)

Sothetotalprobabilitysummarizedoverall valuesof A � v� for suchaneventis

1
K

K

å
i � 1

�
i2

K2 � i
K2 � � 1

K3

K

å
i � 1

�
i2 � i � � 1

3
� 1

3K2 (3)

�
For theimplementationsideof Algorithm 5 wehaveto becarefulnot to spendtoomuch

time for

(a) initializing therecursion,and
(b) choosing(pseudo)randomnumbersA � v� .
In fact,weensure(a)by anarraythatalwaysholdstheactiveelements,i.e. thoseelements
that werenot found in setsI in recursionlevels above. By that we do not have to copy
thelist valuesthemselvesandtherecursiondoesnot createany additionalcommunication
overhead.

For (b), observe that for the proof it was not necessarythat the whole sequencewas
independentbut that it is suf�cient thateachconsecutive triplet of valuesis independent.
We madeour experimentswith the following technique.Every item v basicallyusesits
own (storage)numberto computeA � v� . To ensureindependenceof the the neighboring
valueswe useA � v� � N � v modK for somevaluesN andK thatarechosenthe sameon
all processors.Therebywe avoid to communicatethevaluesthatarechosen,sincewhen
necessaryany processorcancomputethevaluesfor its neighborsfrom theirname.

To ensurethat the valuesobtainedby this computationarestill suf�ciently distinct in
lower levelsof recursionwe choosefor eachsuchlevel R a differentlargenumberNR and
setA � v� � NR � v modK.

4. IMPLEMENTATION

OurcoderunsonPC-clusterswith differentinterconnectionnetworks,anSGIOrigin 2000,
anSGI PCA clusterof 4 sharedmemorymultiprocessors,a CrayT3E andSUN worksta-
tions.We preferredto focuson theresultsobtainedonaspeci�c PCclusterandtheOrigin
2000becausewe think thatthey arerepresentative.

For the PCs, the testswere run on the POPCi clusterof the ENS Lyonii . It has12
PC at 200 MHz running under linux. EachPC hasa memoryof 64 MB. The PC are
interconnectedwith ahigh speed1.28Gb/sMYRINET iii network.

Theotherseriesof testswererun on theOrigin 2000iv of theCentreCharlesHermitev.
It has64processorsR10000at195MHz. Thememoryis directly sharedbetweenpairsof
processors.Beyondthatphysicalcoupling,by hardwarecachingtheentirememorycanbe
accessedby any processor.

ihttp://www.ens-lyon.fr/LHPC/ANGLAIS/popc.html/
ii http://www.ens-lyon.fr/
iii http://www.myri.com/
ivhttp://cch.loria.fr/presentation/materiel.html#origin
vhttp://cch.loria.fr/
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The implementationof the algorithmswasdone–aswe think– quite carefully in C++
andbasedon MPI, onewell-known interfaceof messagepassinglibrariesbetweenpro-
cesses.Theuseof C++ allowedusto actuallydo theimplementationondifferentlevelsof
abstraction:

(1) onethatinterfacesourcodeto oneof themessagepassinglibraries,

(2) onethatimplementstheCGM modelitself, and

(3) thelastthatimplementsthespeci�c algorithmsfor theLRP.

Oneof our intentionsfor this hierarchicaldesignis to replacemessagepassingin (1) by
sharedmemorylateron.

On both architectureswe usedthe native C++ compilerswith maximumlevel of opti-
mizationturnedon.

For theexperimentsonthePCcluster, wemadetestswith two differentimplementations
of MPI, MPI-BIPvi thatusesspeci�c featuresof thatnetwork andlamvii thatis build upon
standardunix sockets. Sincetherewas no substantialdifferencein the performanceof
thesetwo, weonly documenttheexperimentsdonewith lam.

On the Origin 2000we usedthe proprietaryMPI implementationof SGI. This imple-
mentationhastheadvantageto usethesharedmemoryhardwareof theplatform. On the
otherhand,it hadthedisadvantagethat it seemsto bequitegreedyin memoryconsump-
tion, which inhibitedany performancegainfor morethan50processors.

4.1 Execution times

We reporton executiontimes,measuredin wall clock time which passedwhenexecuting
onmachinesthatwherereservedfor ourprogramsduringthetests.We foundthis theonly
reliablemeasurethatallowsat leastsomecomparisonbetweendifferentarchitectures.

Besidestherunningtimeswe alsomeasuredcputimesasreportedby theunix kernels,
timespassedin our library, timespassedfor communication,bandwidthandnumberof
messagesthat were exchanged. Thesedon't deviate much from the predictionsof the
modelandwe referthecuriousreaderto thewebpageof theopération CGMviii for these
additionalstatistics.

Firstwewill brie�y discussthesequentialalgorithmthatweuseto comparefor compar-
ison. Then,we will presenttheexecutiontimesfor Algorithm 2 on thePCcluster. Since
theresultsarenot competitive,werestrictthediscussionto Algorithm 5 thereafter.

4.1.1 Thesequentialalgorithm.. To solve the generalLRP an algorithmcannot sim-
ply run througheachcomponentof thecollectionof linked lists becauseit hasno apriori
knowledgeabouttheir startingpoints. A direct algorithmwould usuallycomputethese
startingpoints�rst. Thereforeit hasto toucheachelementat leasttwice in a randomorder
andthusproducingin generaltwo (timeconsuming)cachemissesperitem.

Ouralgorithmworksasfollows,seeAlgorithms6 and7. It visits theitemsoneafterthe
otherandkeepstrackof whetheror not a item of the list hasalreadybeenvisited. If the
actualitemv hasalreadybeenvisited,it doesnothingandproceedsto theelementv � 1. If
theactualitemhasnot yetbeenvisited,wemarkit asvisitedandrecursively visit thenext

vihttp://lhpca.univ-lyon1.fr/index bip.html
viihttp://www.mpi.nd.edu/lam/
viii http://www.loria.fr/˜gustedt/cgm/
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Algorithm 6: SeqListRanking
Input: TableR of n linkeditemse with pointere� succanddistancevaluedist.
Task: Modify e� succande� dist for all e � R s.t.e� succpointsto thenearestelement

s � R accordingto the list having no successor(e� succ � nil ) ands.t. e� dist
holdsthesumof theoriginaldist valuesalongthelist up to s.

for i � 1 � � � � � n e � R� i � do Mark e asbeingunvisited;
for i � 1 � � � � � n e � R� i � do

if e is unvisitedthen
visit (e);

Algorithm 7: visit
Input: Linkeditem ewith pointere� succanddistancevaluedist.
Output: Item s with s� succ � nil theendpointof the list startingat e, andd thedis-

tancefrom e to s
if e� Succ � nil then return eande� Dist;
if e is visitedthen return e� Succande� Dist;
Otherwiselet sandd bethereturnvaluesof visit

�
e� Succ� ;

Mark easbeingvisited;
Storesandd � e� Dist ase� Succande� Dist respectively;
return sandd � e� Dist;

item v� succin the linkedlist. If by following theselinks we �nally �nd theendof thelist
we trackback.

By thissimpletechniqueweensurethatthelink v� succfrom any itemv is only followed
atmostonceandthusthatthenumberof purerandomaccessesis minimizedto oneaccess
perlink. All othermemoryaccessis eitherdone

—sequentiallyby steppingthrougharraysof items in order or backingtracking on the
stack,or

—by write throughsdirectly to memory(lines “Mark” and “Store”) that must not pass
throughthecache.

andthusarehandledmoreeffecientby theplatformthanthedirectalgorithmmentioned
above.Weobservedthatoursequentialalgorithmshavethesameperformanceasdescribed
by LambertandSibeyn 1999which to uslooksmuchmoresophisticated.SeeTable2 for
a comparison.

Our runningtimeson thetwo differentarchitecturesarealreadyquitedifferent.On the
PCwe haveabout365CPUcyclesperitem,whereastheOrigin outperformsthis with the
valueof about160. Sincememoryaccessis the main bottleneckof this algorithm,this
differenceis probablydueto the substantialdifferencein bus speed,cacheandmemory
sizesof theplatforms.

4.1.2 PC cluster.. Figure2 givestheexecutiontimesper elementin functionof thelist
sizefor Algorithm 2 on thePC cluster, whereasFigures3 and4 arefor Algorithm 5. To
cover thedifferentordersof magnitudebetter, all axisaregivenin a logarithmicscale.

The lists weregeneratedrandomlywith theuseof randompermutations.For eachlist
size,theprogramwasrun (at least)5 timesandtheresultis theaverageof theseresults.
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Fig. 4. Executiontimesperelementfor Algorithm 5 onaPCcluster. Theresults,givenin threedimensions,are
thesameasthosegivenin Figure3.

For a �x ed list size,very small variationsin time couldbe noted. Figure4 demonstrates
well thescalabilityof ourprogram.

p variesfrom 2 to 12 for both Algorithms. All the curves stop beforethe memory
saturationof theprocessors.We startthemeasuresfor listswith 1 million elements.

Algorithm 2 is always slower than the sequentialone. Nevertheless,the parallel ex-
ecutiontime decreaseswith the numberof usedPC. Onemight expect that the parallel
algorithmbecomesfasterthanthesequentialonewith theuseof morePC,but no cluster
of morethan12PCwasatourdisposal.For Algorithm 5, from 9 PCtheparallelalgorithm
becomesfasterthanthe sequentialone. The parallelexecutiontime decreasesalsowith
thenumberof usedPC.Theabsolutespeedupsareneverthelesssmallsincefor 12 PCfor
instancetheobtainedspeedupis equalto 1 � 3.

4.1.3 Origin 2000.. Thepresentationof theresultsin Figures5 and6 for Algorithm 5
on the Origin 2000is equalto the onegiven for the PC cluster. Observe that dueto the
muchbetterperformanceof the sequentialalgorithmon this architecturethe break-even
point for achieving thesamerunningtimesasin sequentialis only at 16processors.

On the otherhandobserve that the speedcomputedin numberof clock cyclesfor the
parallelalgorithmdon't deviatetoo muchwhenusingthesameamountof processors.So,
this givesan exampleof an algorithmwerethe the relative expensive architectureof the
Origin 2000doesn't payoff whencomparedto therelatively cheapPCarchitecture.

4.1.4 Comparison.If we comparethetwo algorithms,wecannotethat:

(1) Theuseof alargeramountof processors(for theOrigin onlyvalid upto 50processors)
leadto an improvementon the real executiontimesof the parallelprogram,which
provesthescalabilityof our approach.

(2) Algorithm 5 is moreef�cient thanAlgorithm 2. This easilycanbe explainedby the
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fact thatAlgorithm 5 requireslesscommunicationroundsandsmallerworkloadand
communicationcosts.We alsonotedthat for Algorithm 5, thesizeof I is aboutone
third of L asproven.

(3) Ourportablecodedoesnot leadto effectivespeedups.

4.2 Veri�cation of the complexity

A positivefactthatwecandeducefrom theplotsgivenaboveis thattheexecutiontimefor
a �x edamountof processorsp showsa linearbehavior asexpected(whatever thenumber
of usedprocessorsmaybe).

For increasingamountof dataand�x ed p thenumberof superstepsremainsconstant.
As a consequence,the total numberof messagesis constant,too. Sodo thecostsfor ini-
tiating messages,which in turn correspondto theoffsetsof thecurvesof thetotal running
times. On the other hand,the size of messagesvaries. But from Figures3 and 5, we
seethat the time for communicatingdatais alsolinear in n. Therefore,we cansaythat,
for thisproblem(thatleadsto quitesophisticatedparallel/distributedalgorithms),thelocal
computationsandthenumberof communicationroundsaregoodparametersto predictthe
qualitative behavior. Nevertheless,they arenot suf�cient to be able to predict the con-
stantsof proportionalityandto know thealgorithmsthatwill give ef�cient resultsor not
(asnoticedfor Algorithm 2).

If moreover, we take theoverallworkloadandcommunicationinto account,we seethat
Algorithm 5 having aworkloadcloserto thesequentialone,leadsto moreef�cient results.

4.3 Taking memory saturation into account

Thispicturebrightensif wetakethewell known effectsof memorysaturationinto account.
In Figure3, all thecurvesstopbeforetheswappingeffectsonPC.Dueto theseeffectsthe
sequentialalgorithmchangesits behavior drasticallywhenrun with morethan6 million
elements.For 6 � 7 millions elements,the executiontime is over 3000seconds(which is
not far from onehour),whereasAlgorithm 2 cansolve theproblemin 21� 8 secondswith
12 PC and Algorithm 5 doesit in 10� 41 secondswith 12 PC. To handlelists with 18
millions elementswith Algorithm 2 we need71 secondsandwith 17 millions elements
with Algorithm 5 27� 09 seconds.So our algorithmsperform well on lists that can be
consideredlargefor a PCarchitecture.

For a sharedmemoryarchitectureas the Origin 2000this advantagecan't play. The
singleprocessorthatexecutesthesequentialcodehasaccessto thesametotal amountof
(expensive)memoryasthesetof p processorsthatexecuteaparallelalgorithm.
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