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ABSTRACT
We present a novel coding-based technique for answering spatial
and spatiotemporal queries on objects moving along a system of
curves on the plane such as many road networks. We handle join,
range, intercept, and other spatial and spatiotemporal queries under
these assumptions, with distances being measured along the trajec-
tories. Most work to date has studied the signi�cantly simpler case
of objects moving in straight lines on the plane. Our work is an
advance toward solving the problem in its more general form.

Central to our approach is an ef�cient coding technique, based on
hypercube embedding, for assigning labels to nodes in the network.
The Hamming distance between codes corresponds to the physical
distance between nodes, so that we can determine shortest distances
in the network extremely quickly. The coding method also ef�-
ciently captures many properties of the network relevant to spatial
and spatiotemporal queries. Our approach also yields a very effec-
tive spatial hashing method for this domain. Our analytical results
demonstrate that our methods are space- and time-ef�cient.

We have studied the performance of our method for large planar
graphs designed to represent road networks. Experiments show that
our methods are ef�cient and practical.

1. INTRODUCTION
In recent years, technologies such as the Global Positioning Sys-
tem have greatly improved our abilities to track moving objects.
Correspondingly, there has been increased interest in spatiotem-
poral queries, or queries over time-dependent position information
of moving objects. In its most general form, this problem deals
with range and join queries on spatial and temporal attributes of
objects moving along arbitrary trajectories in R

n. As we discuss
in greater detail in Section 3, however, this general problem is
extremely complex, and the literature has focused on much sim-
pler versions. The most common formulation addresses selection
queries on objects moving in straight lines in R

2.

In practice, however, linear motion is more the exception than the
rule. For example, applications as diverse as traf�c congestion con-
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trol and tactical battle�eld situations require answers to spatiotem-
poral queries on objects moving along highly non-linear networks
of roads. An additional complication in such applications is that
distances between objects are frequently required to be speci�ed
along the roads, and not as the Euclidean separations in R

2, as in
most current work. Range queries typically have the form �Find
all objects that are in region R during a time interval [tq1; tq2]�,
�Find all objects that are within distance d of object o1�, or �Find
all objects that are encountered by object o1 in the time interval
[tq1; tq2]�. Typical join queries have the form �Find all pairs of ob-
jects which pass a common waypoint�, or �Find all pairs of objects
that are within distance d of one another at a given time instant tq�,
and typical intercept queries have the form �Find the time that it
will take for object o1 to catch o2�.

1.1 Our work
In this paper, we pick a signi�cantly more general version of this
problem, and address spatiotemporal queries on objects moving
along the edges of certain class of planar graphs. We have found
these graphs to be reasonable models of many kinds of road net-
works, and quite useful in many real situations. Our approach
is based on a novel method for assigning codes to nodes in such
graphs, which allows us to compute the distance between two nodes
as the Hamming distance between the corresponding codewords.
The coding is accomplished by embedding the planar graph into a
higher-dimensional hypercube, using techniques based on the work
in [3].

Road networks are static, so assigning these codes during a prepro-
cessing phase is a reasonable strategy. While we focus in this paper
on a class of spatiotemporal queries, we believe the methods we
present are of more general applicability.

The rest of the paper is organized as follows. In Section 2 we give
an overview of the problem. In Section 3 we describe work on
problems that are similar in �avor to our problem. Then, in Sec-
tion 4 we explore the intricacies of the problem and motivate the
scheme that we ultimately develop. In Section 5 we describe our
own scheme for handling large amount of distance data. In Sec-
tion 6 we describe how our scheme can be used to answer a vast
range of spatial and spatiotemporal queries on road networks ef�-
ciently. Then, in Section 7 we investigate the space and time re-
quirements of our scheme, both theoretically and experimentally.
Finally, in Section 8 we conclude with open problems and possible
future work.

2. PROBLEM FORMULATION
Consider a weighted graph G = (V; E; W ) on n nodes. V is the
set of nodes, E � V � V is the set of edges, and W : E ! Z

+ is



a set of integer edge weights.

G represents a road network or some similar system of trajectories.
The edges in E are curves in R

2, and the weight of an edge mea-
sures the cost of traversing it, and may correspond, for example,
to its length. We are given a set O = fo1; o2; : : : ; org of objects,
with object oi traveling from its source node si to its destination
node di, along a prespeci�ed path in G, at speed ui. In general, we
allow the speed to be a function ui(t) of time.

We address a broad class of spatiotemporal queries in this environ-
ment by reducing the problem to that of �nding the shortest dis-
tance between two nodes on a planar graph. We develop a method
based on the work in [3] to assign codes c(vi) to nodes vi 2 V , so
that the distance between nodes vj and vk is simply the Hamming
distance [4] between c(vj) and c(vk).

We allow the edges connecting vertices to be general curves, rather
than merely straight lines, as in most previous work. We choose
parametric representations to represent object motion in the Carte-
sian plane, using the distance along the curve as the primary pa-
rameter. This approach solves two problems. First, the parametric
representation of a curve is often cleaner than a Cartesian repre-
sentation of the form f(x; y) = 0. Second, distance is readily
computed as the velocity ui(t) integrated over time. Conversely,
time is computable from distance. Such interconvertability makes
spatio-temporal queries cleaner to deal with.

2.1 About Our Model
In order to make the problem tractable, we make some assumptions
about the planar graph. We say that a planar graph has isometric
cycles if the shortest path between two vertices on the same given
interior face is along the edges bounding the face. We generalize
this condition to a slightly more technical condition, and in Sec-
tion 5.2, we describe an encoding technique that is applicable to
planar graphs that satisfy this generalized isometry property.

Since we are dealing with trajectories in R
2, the edge weights of

the graph that model this set of trajectories will not be completely
arbitrary. It is reasonable to expect the distance along a curve be-
tween two vertices in the underlying system of curves to correlate
generally with the Euclidean distance between those vertices. We
express this constraint formally as the generalized isometry prop-
erty.

Finally our model assumes integral edge weights, but in general,
they will be non-integral. However, it is possible to approximate
these weights with integers by appropriately scaling them, or by in-
troducing user-de�ned approximation bounds. Finally, we observe
that it is very reasonable to assume that objects move from source
to destination along the shortest path. If an object oi is required to
pass through a way-point w that is not on this shortest path, we can
decompose its trajectory into two shortest-path segments, one from
si to w and the second from w to di. We discuss this issue further
in Section 6.

3. RELATED WORK
Research in spatiotemporal queries on moving objects has proceeded
along three directions: data models and query languages, index
structures, and ef�cient query processing techniques. As we have
observed, motion models tend to be simple, with many researchers

assuming linear motion. Techniques for handling systems of curves
remain underdeveloped.

G¤uting et al. [7] have developed a comprehensive model for imple-
menting spatiotemporal DBMS extensions. Data models and query
languages for road networks have been discussed in [16].

The research community has paid special attention to the issue of
indexing moving objects [12, 1]. Index structures for moving data
are more complex than those for traditional data because they must
deal with continuously changing positions with an additional time
dimension. Kollios et al. [8] solved the problem for objects mov-
ing in 1-dimension by using the line-point duality transformation.
The authors have alluded to the problem of objects moving in re-
stricted trajectories under the title of 1.5-dimensional trajectories.
They propose to represent each prede�ned route as sequence of
connected straight line segments and to index motion on a route
using the duality transform for each segment. However, their tech-
nique is inapplicable to queries involving distances along the road.

Recent work [8, 12, 14] on ef�ciently handling queries on objects
moving on the unrestricted plane are only applicable as a �rst cut
�lter. For the �nal cut, ultimately, a slow shortest distance algo-
rithm has to be run on the underlying planar graph, making these
solutions less satisfactory.

Several algorithms have been proposed for the shortest distance
problem, and in particular, for planar graphs. However, they all
turn out not to have the properties that we require. Dijkstra’s cele-
brated algorithm [4] takes O(n) space and O(n log n) time, when
implemented with heaps. An O(n

p
log n) time algorithm [5] that

works for planar graphs is the most practical and ef�cient of all the
algorithms available. However, since we would like to be able to
handle very large networks, we would prefer a response time even
smaller than provided by current methods. One simple approach
might be to compute shortest paths in advance and do a simple ta-
ble lookup to give a constant time response. However, this method
is also impractical since even a network with just 100,000 nodes
would require a table with �ve billion entries.

Shahabi et al. [13] solved the k-nearest neighbor problem with dis-
tance measured as the shortest path on the road network. They pro-
pose to use modi�ed Lipschitz embedding [9] which approximately
preserves shortest distances on the road network. Spatiotempo-
ral queries on road networks were also addressed by Papadias et
al. [11]. They use an R-tree over the road network to prune the
search space. However, both methods are not very useful to an-
swer exact queries, as we still need to compute shortest paths in the
underlying graph.

Gavoille et al. [6] addressed the problem of labeling the nodes of
a graph to allow computation of distances directly from their la-
bels. They show that given any distance labeling scheme on pla-
nar graphs, there exist graphs for which the labels need 
(n1=3)
bits per node. They give an encoding scheme based on separa-
tors that assigns labels of length O(

p
n log n) to each vertex, with

the distance computable from the labels in time O(log n). Their
labeling scheme takes O(n

p
n log n) time to compute the labels.

We use Hypercube embeddings of graphs to obtain distance labels.
The labels obtained by Hypercube embeddings allows the use of
a hashing scheme that signi�cantly improves the performance of
spatiotemporal queries.

Hypercube embeddings of general graphs have applications in the
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Figure 1: Hypercube Embedding

domains of Mathematical Chemistry and Distributed Computing.
Chepoi et al. [3] used hypercube embeddings to estimate the Weiner
index of certain aromatic chemical compounds. They developed
novel techniques for identifying a broad class of planar graphs em-
beddable in hypercubes.

In our work, we build on top of their techniques. We show methods
to assign codes for a given planar graph based on hypercube em-
beddings. The encoding allows for a hashing scheme that signi�-
cantly optimizes spatiotemporal queries on graph. Although not all
road networks can be modeled as planar graphs, these techniques
are signi�cant step forward toward solving spatiotemporal queries.
It is likely that a suite of similar techniques can be built using the
work in [6]

4. SOME ISSUES AND CHALLENGES
Spatiotemporal queries typically use a heuristic in a �lter stage, and
perform exact queries on the results in a re�nement step. We argue
that in the case of road networks, the re�nement step is a bottleneck,
since it typically requires the computation of the shortest distances
in the underlying planar graph. Our approach yields an ef�cient
shortest distance problem in the �rst place. We will see that our
method does very well even without a �lter step.

As we observe in Section 3, the space and time requirements of cur-
rent algorithms for the shortest-path problem on weighted graphs
are far higher than we would like in our application domain. Specif-
ically, we want to treat the graph vertices as points in a suitable met-
ric space, with an easily computed metric. Unfortunately, because
of their generality and discrete structure, graphs do not readily per-
mit de�nition of such metrics.

The standard realization of this approach in the literature is to map
the vertices v1; v2; : : : vn to points p1; p2; : : : pn in R

m for suf�-
ciently large m, such that the Euclidean distance between pi and
pj in R

m is equal to, or arbitrarily close to, the shortest distance
between the vertices vi and vj on the planar graph. One could then
index these points using some suitable multidimensional spatial in-
dex structure.

While this approach sounds reasonable, it fails badly because of the
inherent structure of R

m. Consider the graph shown in Figure 1(a).
If d(vi; vj) is the shortest distance along the graph between ver-
tices vi and vj , we observe that the �triangle equality� d(v1; v2) =
d(v1; v0)+d(v0; v2) must hold. In R

m, this requires jjp1 �p2jj =
jjp1�p0jj+jjp0�p2jj, making points (p1; p0; p2) collinear (in that
order). For similar reasons, (p2; p0; p3) and (p3; p0; p1) would also

need to be collinear triples of points. Clearly, such a con�guration
of points is impossible in R

m. In fact, arbitrary close approxima-
tions are impossible as well. Thus any graph which contains a star
shaped subgraph similar to that in Figure 1(a) cannot be embedded
in R

m. Unfortunately, this star shaped �gure is found in real road
networks at every T-junction.

4.1 Hypercube Embeddings
We therefore seek a metric space which, among other things, can
handle multiple triangle equalities simultaneously. A good instance
of such a metric space is the m-dimensional hypercube Hm =
f0; 1gm with the Hamming distance as the metric1. The Hamming
distance between two points a0a1a2 : : : am�1 and b0b1b2 : : : bm�1

(ai; bi 2 f0; 1g) is de�ned as the number of k such that ak 6= bk.
For example, the Hamming distance between 011010 and 101100
is 4, because the two strings differ in 4 bit positions. It turns out
that the structure of Hm is actually rich enough to embed a large
subclass of the class of planar graphs, such that the distance be-
tween points on the graph is preserved as the distance between the
corresponding points in the hypercube.

We now state some standard facts about the m-dimensional hy-
percube Hm, which are useful in developing our algorithm for
hypercube-embedding of planar graphs. Consider the set V0k of all
vertices of Hm that have 0 in their kth bit position, and the set V1k

of all vertices of Hm that have 1 in their kth bit position. Clearly
V0k and V1k are connected graphs, each isomorphic to Hm�1. Let
Ek be the set of all edges that join a vertex in V0k to a vertex in V1k.
Given a pair of vertices v0 2 V0k; v1 2 V1k, any shortest path be-
tween v0 and v1 must use one and only one edge in Ek. Conversely,
if the shortest path between two vertices v0 and v1 intersects Ek in
one edge, then v0 and v1 must be in different components of Hm

(either in V0k or in V1k). Clearly, every edge in Hm is in exactly
one Ek for some k.

For example, Figure 1(c) represents H3. V00 is the set f000; 001; 010; 011g,
and V10 is the set f100; 101; 110; 111g. E0 is the set of edges
fe1; e2; e3; e4g. Observe that V00 and V10 are isomorphic to H2

(the square). Also, shortest paths within V00 lie entirely within
V00, and shortest paths from V00 to V10 necessarily intersect E0.

Let G be a planar graph embeddable in Hm. Let G0k and G1k be
the sets of vertices whose k-th bit is 0 and 1, respectively. Then
the set Ek of all edges between G0k and G1k will be such that no
shortest path contains more than one edge from Ek. Conversely,
assume we can �nd a set Ek of edges that connects two disjoint
partitions of a graph, such that no shortest path intersects Ek more
than once. Then Ek would de�ne the boundary between partitions
G0k and G1k for some k.

Given such a set of edges Ek, we assign 0 in bit position k to all
nodes in one of the partitions created, and 1 to the all nodes in the
other partition. If we �nd that every edge of the planar graph falls
into one such set, our embedding is complete, because we have now
taken every bit position into account.

The isometric cycle property guarantees that for two opposite edges
e1 and e2 on a face, any shortest path that passes through e1 cannot
pass through e2. This idea can easily be generalized to edge se-
quences called alternating cuts, in which consecutive edges are op-
1Hm is the graph with elements of f0; 1gm as vertices. Two points
u and v have an edge between them iff u and v differ in exactly one
bit position



posite each other on a graph face. Any such sequences has the prop-
erty that a shortest path contains no more than one edge from the
sequence. We will demonstrate that identifying such sequences can
be done very easily. Once we have identi�ed all such sequences,
the problem of embedding the graph into a hypercube is straight-
forward.

5. CUTS AND CODE ASSIGNMENT
In this section, we describe our scheme to assign codes to the nodes
in road network.

We �rst accommodate weighted edges in G as follows. If edge
(u; v) has weight k, we introduce k � 1 virtual nodes into G be-
tween u and v, and assign a weight of 1 to each of these new edges.
This trick preserves the shortest distances between the nodes in the
original version of G, while ensuring that the edges in the new
graph all have weight 1. For the rest of this section, we assume
that all the edges of our graph have unit weight.

5.1 De�nitions and Notation
As before, a road network is represented as a planar graph G(V; E; W )
with a drawing in R

2. The orientations clockwise and anti-clockwise
are de�ned with respect to this drawing. We begin with some de�-
nitions.

Interior Face F: An interior face is a cycle of G that bounds a
connected region. F [n] denotes the nth edge of F , when the
edges of F are arranged in clockwise order. F [0] can be an
arbitrary edge of the face. Every edge appears in two faces,
not necessarily distinct.

Outer Face C: The outer face of G is the unbounded face in the
embedding of G in R

2.

Odd (Even) Face: A face with an odd (even) number of edges.

Opposite Edges: Edges e = (u; v) and e0 = (u0; v0) are opposite
in face F if d(u; u0) = d(v; v0) and equal the diameter of
the cycle F . If F is an even-face then every edge e 2 F has
unique opposite edge. If F is an odd-face than every edge e
has two opposite edges e+ and e�.

Cut L: The concept of a cut is central to our method. Formally,
a cut is a sequence of edges fe1; e2; e3; : : : ; ekg with the
following properties.

1. Either e1 = ek or e1 2 C and ek 2 C
2. 9F [ei; ei+1 2 F ]

3. ei+1 is an opposite edge of ei in face F

If the edges of a cut L are deleted from the graph G, the graph
gets partitioned into two components fG=Lg0,fG=Lg1.

Alternating Cut An alternating cut is a cut that alternates over odd
faces. By this we mean that if the cut takes a right (left, re-
spectively) turn on one odd face, then on the next odd face
it encounters it takes a left (right, respectively) turn. An al-
ternating cut can be visualized as a line through the graph,
intersecting select edges only. An example of an alternating
cut is shown in Figure 2 .

Core: A maximal two-connected subgraph of G.

Core Tree: It is a well known result [2] that the interconnection
graph of all the maximal two connected subgraphs of a graph
is a tree. We call this the core tree (see Figure 5).

Figure 2: Alternating cuts alternate on odd cycles

We call a cut L convex if the shortest path between any two ver-
tices in fG=Lg0 lies entirely within fG=Lg0. A graph satis�es the
generalized isometry property if all alternating cuts are convex.

5.2 The Encoding Scheme
We now describe the full encoding scheme for the planar graph G.
The cores of G are obtained from G by removing all edges which
have only one adjacent face. The resulting components are all the
cores of the graph. Hypercube embeddings are a lot more ef�cient
for two-connected graphs (as we shall see in Section 7). We there-
fore choose to encode each core into a hypercube separately. Thus
the distance computation will involve �nding a distance along the
core tree (which can be done very ef�ciently), as well as computing
distances within two cores using the hypercube embeddings. Note
that shortest distances along a tree can be very ef�ciently computed
after an initial round of preprocessing. Although this is a two-stage
scheme, the resulting distances are not hierarchical. Our technique
still calculates the shortest distance between any two nodes. In de-
scribing how we encode the cores, we will treat each core as an
independent planar graph. Henceforth G will denote the core on
which the algorithm is currently being run.

5.3 Encoding Cores:Some Insights
We start by stating some properties of alternating cuts, upon which
our algorithm is based. These properties are proved in later sec-
tions. For any alternating cut L, consider the two components
fG=Lg0 and fG=Lg1. For any two nodes u,v with u 2 fG=Lg0

and v 2 fG=Lg1, the shortest path from u to v has one edge in
L. Furthermore, every edge of the shortest path from u to v is part
of two cuts L1 and L2. We take advantage of these facts in our
algorithm.

Our code-assignment algorithm proceeds as follows. First we ini-
tialize all codes to the null string. For every alternating cut L, we
�nd the connected components fG=Lg0 and fG=Lg1. We append
0 to the code of each node in fG=Lg1 and 1 to the code of each
node in fG=Lg1. On termination of the algorithm the code of each
node is a bit string of length equal to the total number of alternat-
ing cuts. We later show that for any two nodes (u,v), the Hamming
distance between their codes gives the shortest distance between
(u,v). Furthermore, there is a correspondence between alternating
cuts and bit positions in the �nal codes.

To �nd an alternating cut containing edge e, the procedure follows
naturally from the de�nition. Starting at edge e, we proceed in both
directions, taking opposite edges on all even faces, until we come
across the �rst odd face in both directions. Then, on one odd face
we take a right turn, and the other odd face we take a left turn (by
changing the choice of odd faces, we can get one more alternating
cut). From then on, we proceed in both directions alternating at
odd faces until we reach the outer face. We call a cut produced
by such a procedure starting at edge e a cut seeded at e. Note that
an alternating cut that consists of edges on even faces only, should
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be counted as two cuts, and two bits should be alloted in the code
based on this cut (for reasons that will be explained later).

5.4 Encoding the Cores: An Example
We now illustrate our algorithm through an example. Figure 3
shows a road network, which we transform into the corresponding
planar graph. Distances may be assigned by simple discretization
of the road lengths according to the precision requirements. Fig-
ure 4 shows the development of one of the cuts of the graph. In
Table 1 we list the codes for each of the nodes induced by the cuts
of the graph.

The road network consists of 7 roads with 10 nodes, which form a
planar graph in Figure 1. Virtual nodes are inserted at every unit
distance between nodes. For example, the distance between nodes
a and b is 3 units. Thus two virtual nodes are inserted between
them. A total of eight virtual nodes are added to make all edges of
unit length. For the rest of this example we will not differentiate be-
tween original nodes and virtual nodes. All faces will be described
by their bounding vertices in an anti-clockwise fashion. Now that
we have constructed the planar graph, we �nd all the alternating
cuts of the graph.

We describe a procedure for �nding an alternating cut through the
edge (d, e), in the example graph of Figure 4. Since face (e,d,j)
has an odd number of edges, the cut has to make a turn. We start
by making a left turn to cut the edge (j,e) (another valid alternating
cut would have been formed if we had taken a right instead).

It then enters face (j, e, f , g, v1, v2, h, i, j), which has an odd
number of edges again. Since the cut alternates its turn at odd faces,
it makes a right turn in this face. The right opposite edge of (j,e)
is (v1,v2). The cut leaves the graph and enters the outer face. The
entire cut is given in Figure 4.

After �nding all the cuts, we assign codes to the nodes. Each cut
partitions the planar graph in two disjoint components. The cut
shown here induces two components, namely (a,h,i,j,d,c, b) and
(g,f ,e). We append ‘1’ to the codes for nodes in one component
and ‘0’ to the nodes in the other. Since a bit is appended to the
code for each cut, the code size equals the number of cuts graph.

Node Code
a 01011111111011
b 00000001011011
c 00000000000111
d 00000000000100
e 10000000000000
f 11111000000000
g 11111110000000
h 01011111111000
i 00000001011000
j 00000000001000

Table 1: The embedding in H14 of the example road map

Table 1 list the codes for all nodes. As remarked earlier, the Ham-
ming distance between the codes is twice the length of the shortest
path between the corresponding vertices of the graph. For exam-
ple, the shortest distance on the graph between nodes a and f is
5. The corresponding codes for a and f are 01011111111011 and
11111000000000. These have a Hamming separation of 10, which
is exactly twice the distance between the graph nodes. The validity
of this encoding for other pairs of points may be veri�ed.

5.5 Encoding the Cores: Detailed Description
Here we describe our algorithm in detail. The pseudo code is given
in Algorithms 1, 2, 3, 4, 5, 6. All algorithms assume that the planar
graph G is available as a global variable. Furthermore all of the in-
terior faces F are given. What follows now is a short description of
each part of the algorithm. In section 5.5 we put all pieces together
to present the complete picture.

Other Face As already mentioned, every edge has two adjacent
faces. Given an edge e and a face F adjacent to it, this function
gives the other face adjacent to it.

Algorithm 1 other face(edge e; face F)

Require: F is an incident face of e
1: (F1; F2) = incident faces of e
2: if F1 = F then
3: return F2
4: else
5: return F1

6: end if

Opposite Given a face F and an edge e on it, this function returns
an edge opposite to e in face F .

Algorithm 2 opposite(edge e; face F ; bool �)

1: n = sizeof(F) fnumber of edges Fg
2: p = index(e; F)fposition of e in cyclic order for edges in Fg
3: if sizeof(F) mod 2 = 1 then
4: if � then
5: return F[(bn=2c + p) mod n]
6: else
7: return F[(dn=2e + p) mod n]
8: end if
9: else

10: return F[(n=2 + p) mod n]

11: end if

Allocate Codes Each time this function is called it appends a bit to
the code of each vertex. Line 4 �nds the two components fG=Lg0

and fG=Lg1 induced by the cut L on graph G. It then appends 0 to



the code of each vertex in fG=Lg0 (line 5-7) and 1 to the code of
each vertex in fG=Lg1 (line 8-10).

Algorithm 3 allocate code(cut L)

1: for all edge e 2 L do
2: delete(e; G)
3: end for
4: (G1; G2) = connected component(G)
5: for all node v 2 G1 do
6: append(v:code;0 10)
7: end for
8: for all node v 2 G2 do
9: append(v:code;0 00)

10: end for
11: for all edge e 2 L do
12: add(e; G)

13: end for

Half Cut

Conceptually, the cut starts at edge e, goes through face F incident
on it, and extends further till it meets the outer face C (line 5-10).
A cut alternates its turn at every odd face (line 8-10), where the
direction of the �rst turn is determined by � . It returns the list of all
edges that lie on this cut.

Alternate Cut

To �nd an alternating cut through edge e, the algorithm �rst �nds
the faces adjacent to e: F1; F2 (line 2). It then �nds two half
cuts, L1 and L2, starting at edge e, one going through F1, the
other through F2 (line 4,5). The variable � makes sure that the
turn made at �rst odd face in L1 alternates with the turn made at
the �rst odd face in L2. The two half cuts are merged to form a
complete alternating cut. To �nd the other cut passing through this
edge, we just change the value of � .

Putting Everything Together This section combines all the func-
tions mentioned above to produce the encoding of the vertices of
the given planar graph. Line 2 initializes a stack S of edges. We
then initialize the variables of the edges. All edges are then pushed
into the stack (line 3 -5).

For every edge e, variable e:num cut stores the number of cuts
that include e that have been found already. Since all edges have
exactly two cuts through them (this will be shown), an edge is re-
moved from the stack once both its cuts are found. Algorithm 4
increments this variable for edge e when the cut that it is exploring
crosses the edge e.

The algorithm terminates when all alternating cuts are discovered.
For each cut discovered we call the function allocate code, which
appends bits to each vertex of the graph (line 14-15).

5.6 Encoding the Cores: Proof of Correctness
The correctness of the hypercube embedding follows from the fol-
lowing theorems, whose proofs are omitted due to space limita-
tions. The following theorems hold for graphs that satisfy the gen-
eralized isometry property.

THEOREM 5.1. The shortest path between any two vertices u
and v intersects any alternating cut in at most one edge.

Sketch of a proof: This result follows from the isometric cycle
property. Since an alternating cut goes from one edge to its opposite

Algorithm 4 half cut(edge e; face F ; turn �)

1: cut L = NULL
2: edge e0 = NULL
3: face C = unbounded face(G)
4: L:insert(e)
5: while e0 =2 C do
6: e0 = opposite(e0; F ; �)
7: e0:num cut = e0:num cut + 1
8: F = other face(e0; F)
9: if F is an oddface then

10: � = :�
11: end if
12: L:insert(e0)
13: end while
14: return L

Algorithm 5 alternate cut(edge e)

1: cut L = NULL
2: [F1; F2] = faces incident on e
3: � = RIGHT
4: L‘ = half cut(F1; e; �)
5: La = half cut(F2; e; :�)
6: L1 = L1‘ + L1a

7: � = LEFT
8: L‘ = half cut(F1; e; �)
9: La = half cut(F2; e; :�)

10: L2 = L1‘ + L1a

11: return [L1; L2]

edge, alternating on odd faces ensures that if any path p contains
two edges on an alternating cut, then one can �nd a path that is
shorter than p between the same vertices. For a detailed proof, the
reader is referred to [3].

THEOREM 5.2. Each edge occurs in exactly 2 alternating cuts.

PROOF. De�ne a relation � on E by the following: e1 � e2

if and only if e2 lies on a cut seeded by e1. We claim that � is a
symmetric relation on E.

To show that e1 � e2 ) e2 � e1, we �rst note that if e2 is on
the primitive segment of e1, the statement is trivial. The result fol-
lows by an easy induction on the number of odd faces between e1

and e2 along the cut seeded by e1. The induction uses the follow-
ing stronger induction hypothesis: a cut seeded by e1 that passes
through e2, is also a cut seeded by e2.

Algorithm 6 find code()

1: C = unbounded face(G)
2: stack S
3: for all edges e 2 G do
4: e:num cut = 0
5: S:push(e)
6: end for
7: for all nodes v 2 G do
8: v:code = � f assign empty codesg
9: end for

10: while S:not empty() do
11: e = S:pop()
12: if e:num cut < 2 then
13: [L1; L2] = alternate cut(e; G)
14: allocate code(G; L1)
15: allocate code(G; L2)
16: S:push(e)
17: end if
18: end while



32

1
1

1C2

C1

C3

C5

C4

C0

C6

Figure 5: A sample core tree

Since� is a symmetricrelation,theonly cutsthatpassthrougha
givene 2 E arethecutsseededby e. Thusthereareexactly two
cutsperedge.

Now it is fairly straightforward to seethat any shortestpathwill
intersectexactly twice asmany cutsasthereareedgeson thepath.
Thusthenumberof bits thatchangefrom thecodesof onevertex to
thecodesof anotherwill beexactly twice thelengthof theshortest
pathbetweenthetwo vertices.

6. SPATIOTEMPORAL QUERIES
In thissection,weshow how to applyourshortestdistancescheme
to ef�ciently answerseveral typesof spatialand spatiotemporal
queries. Our schemeis asymptoticallybetter than any existing
method,andalsohasvastly superiorpracticalperformance.Ex-
isting methodsmustdependuponan slow shortestdistancealgo-
rithms.

RepresentingRoad Networks: Eachvertex vi is assigneda code
c(vi ) using the encodingtechniquepresentedearlier, The short-
est distancebetweenverticesvi and vj is simply the Hamming
distancebetweencodesc(vi ) and c(vj ), which we representas
j(c(vi ); c(vj )j. For eachvertex vi we maintaina setSi of its adja-
centnodes.To improve queryprocessingef�ciency, we alsostore
informationaboutthecoretreein thenetwork.

RepresentingPoints: Sinceobjectsmoveonly alonggraphedges,
their positionscanbede�ned by distancesalongedges.A position
pi on edgeej is assignedcoordinatesof the form (vj 1 ; vj 2 ; di ),
whereej = (vj 1 ; vj 2 ) anddi indicateshow far alongej the po-
sition pj is located.Theshortestdistancebetweentwo pointscan
now betrivially foundwith just four computationsof shortestdis-
tancebetweenvertices.

RepresentingRoutes: Sinceearlier methodshave only allowed
linearmotion,they havesoughtto representobjectpathsasaseries
of line segments,an approachthat is awkward and often expen-
sive. Trajectoriesin real roadsdatasets[15] must be composed
from many line segments,whichcansigni�cantly affect theoverall
performanceof thesetechniques.

Let hi; j i representthe shortestpathbetweenverticesvi andvj .
Our routesareshortestpathsbetweenthe sourceanddestination
vertices,sohi; j i wouldbethenormalroutebetweenvi andvj . To
accommodateroutesthat differ from this shortestpath,we de�ne
waypoints, andrequireobjectsto follow theshortestpathbetween
waypoints. The route for an object that moves betweenvertices
vi 1 andvi m , passingthroughwaypointsvi 2 ; � � � ; vi m � 1 , is repre-
sentedashi 1 ; i 2 ; � � � ; i m � 1 ; i m i , andis obtainedby concatenating

theshortestpathshi 1 ; i 2 i , hi 2 ; i 3 i ; � � � ; hi m � 1 ; i m i .

For reasonablevehicularpaths,thenumberof way-pointsis likely
to below. Further, if severalshortestpathsexist betweenthegiven
(source,destination) pair, onecanforcea choicebetweenthemby
usingwaypoints.

6.1 The RouteHashingOptimization
We describea hashingschemethatplacesshortestpathsinto bins
thatcapturethemannerin which they traversethegraph,allowing
signi�cant queryoptimizations.For example,givenaqueryregion,
we are able to discardall routesin bins that don't appropriately
matchthe codesfor the verticesde�ning the region. The method
worksasfollows.

Eachcut L correspondsto a bit position(saykL ) in theencoding.
All verticesin the�rst partitionfG=Lg 0 inducedby L have kL =
0, andall verticesin theotherpartition fG=Lg 1 have kL = 1. If
boththesourceanddestinationof agivenroutebelongto thesame
partition,their codeswill agreein thebit positioncorrespondingto
kL , andtheshortestpathbetweenthis sourceanddestinationwill
usenoedgeoutsidethispartition.

Let subgraphR bede�nedby thevertices(vi 1 ; vi 2 ; � � � ; vi k ). Sup-
posewecan�nd acutL sothatall theseverticesbelongto fG=Lg 0 ,
i.e.,theircodeshavekL = 0. Any shortestpathhvi ; vj i whereboth
vi andvj have kL = 1 will lie outsidefG=Lg 0 , andhenceoutside
R. In this case,we say that L excludeshvi ; vj i from region R.
Cutswhich excludemany routesfrom R reducethe searchspace
signi�cantly.

This ideacanbe generalizedto the the conceptof routehashing.
Let a cut be called a bisector if it partitionsthe graphinto two
halves with roughly the samenumberof vertices. A few bisec-
tor cutsL 1 ; L 2 : : : L m areselectedasthe basisfor creatingbins.
Thekey to routehashinglies in consideringonly thebit positions
kL 1 ; � � � ; kL m correspondingto thesebisectors.We call thesebit
positionsthe bisectorbits. Thesem bits are usedto de�ne 2m

bisectorbins,correspondingto regionson theplanargraph,andla-
beledby binarystringsof lengthm. Theideais to placea routein
abin if it is notexcludedfrom enteringthecorrespondingregionof
theplanargraph.Speci�cally, theshortestpathhvi ; vj i is placedin
all bisectorbinsbl whoselabelsmatchthecodesfor eithervi or vj

in all of the bit positionskL 1 ; � � � ; kL m . Using bisectorsensures
that thebinsareroughlyequal-sizedandroutesareuniformly dis-
tributedacrossthem. In a preprocessingstep,we hashthe setof
routeshoi i for theobjectsoi in thesysteminto thesebisectorbins.
Routehashingcanbe usedto reducethe searchspacefor spatial
andspatiotemporalqueries,boostingtheirperformance.

6.2 Queries
Observe that a vertex v lies on a shortestpath hi; j i if and only
if jc(vi ; vj )j = jc(vi ; v)j + jc(v; vj )j. In this case,we sayhi; j i
includesv. Similarly, hi 1 ; i 2 ; � � � ; i m i includesv if and only if
therearetwo consecutivewaypointsvi k ; vi k +1 suchthathk; k + 1i
includesv.

Whenwe do not wish to refer explicitly to waypoints,we denote
theroutetakenby objectoi simply ashoi i . Thedistanceof vertex
v alongthe routehoi i is denotedby dist (hoi i ; v). The speedof
objectoi is denotedby ui (t). If oi passesthroughvertex v at time
tv , wewill havedist (hoi i ; v) =

Rt v
0 ui (t)dt.


