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Abstract

Fast estimatesfor aggregatequeriesareuseful in database
query optimization,approximatequery answeringand on-
line query processing.Hence,therehasbeena lot of fo-
cuson “selectivity estimation”,that is, computingsummary
statisticson theunderlyingdataandusingthatto answerag-
gregatequeriesfastandto a reasonableapproximation.We
presenttwo setsof resultsfor rangeaggregatequeries,which
areamongstthemostcommonqueries.

First, we focus on a histogramas summarystatisticsand
presentalgorithmsfor constructinghistogramsthatareprov-
ably optimal (or provably approximate)for rangequeries;
thesealgorithmstake (pseudo-)polynomialtime. Theseare
the�rst known optimality or approximationresultsfor arbi-
trary rangequeries;previously known resultswereoptimal
only for restrictedrangequeries(suchasequality queries,
hierarchicalor pre�x rangequeries).

Second,we focuson wavelet-basedrepresentationsassum-
marystatisticsandpresentfastalgorithmsfor pickingwavelet
statisticsthat are provably optimal for rangequeries. No
previously-knownwavelet-basedmethodshavethisproperty.

We performan experimentalstudyof the varioussummary
representationsshow thebene�tsof our algorithmsover the
known methods.
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1 Intr oduction

Databaseshave traditionally reliedon selectivity estimation
methodsto generatefastestimatesfor (intermediate)result
sizes. This is typically usedin cost-basedqueryoptimiza-
tion [13, 10,8, 3, 4]. More recently, selectivity estimationis
usedwherean approximateanswerto a querysuf�ces; this
is appropriatewhereanapproximationcanbetoleratedpro-
vided the queryexecutionis rapid. Scenarioslike that are
commonin theexploratorydataanalysiswhich hasbecome
a signi�cant part of databaseprocessingwith thegrowth in
datawarehousingapplications. Databaseenginesare now
beingdesignedto includeapproximatequeryprocessing;an
exampleisAQUA [1]. Finally, anemergingtrendin database
researchexploresonlinequeryprocessingwhereinfastesti-
matesare provided and they get re�ned over time at rates
controlledby theuser[7]. Selectivity estimationis aninher-
entpartof suchdatabasesystems.

Herewe addressa basicselectivity estimationproblem.We
aregiven the attribute valuedistribution of a numericalat-
tribute, that is, for eachattribute1 value � , the numberof
recordsof the databasethat hasvalue � for the numerical
attribute underconsideration.While the joint attribute val-
uesdistribution of two or morenumericalattributesis also
relevant,we focusonly on the singleattribute (i.e., theone
dimensional)casein this paper.2 Selectivity estimationpro-
ceedsby storing somesummaryinformation aboutthe at-
tribute value distribution which is usedfor providing esti-
matesfor queries[1, 11].

We considertherange-sumor simply therangequerywhere
the goal is to return the numberof recordsin the database
with attribute valuesin a given attribute range. A special
caseis whenall rangeshave coincidingendpoints,that is,
eachqueryis anequalityquery.

In this paper, we studythefoundationalissuesin estimating

1Throughout,we assumethe attribute value is integral; this doesnot
affect thegeneralityof our resultssincenon-integral attributecanbeaggre-
gatedinto rangesindexedby integral valueswithout any dif�culty .

2Straightforward extensionof our resultsto higherdimensionsarepos-
sible,but moreextensive investigationwill beneeded.



rangequerieswith limited spaceto storesummaryvalues.
Despiteextensiveresearchon selectivity estimation,thereis
little understandingof how to providethe“best” rangequery
estimatesfor agivensummaryspacebound.Ourwork is the
�rst to addressalgorithmic issuesbehindthis problemand
prove guaranteedresults.In particular, our technicalcontri-
butionsareasfollows:

1. [Histogram-BasedMethods]

Histogramsarecommonlyusedfor selectivity estima-
tion. The goal is to build a range-optimalhistogram
which, informally, is a histogramthat hasthe small-
esttotal error in estimatingrangequeries,for a given
spaceboundfor storingthehistogram.

Ourmainresultisapseudo-polynomialtimealgorithm
that�nds therange-optimalhistogram.(Thealgorithm
takespseudo-polynomialtime meansit is polynomial
in thedatabasesizeandnot in thenumberof attribute
values. More formal de�nition is in Section2.) No
previousoptimalresultswereknown for this problem
save for rather specialcasesequality queries[6] or
hierarchically-limitedrangequeries[9].

We add to our main result by presentinga fasteral-
gorithmwith a provableapproximationguaranteethat
getsarbitrarily closeto the range-optimalhistogram,
andpolynomialtimealgorithmsfor alternateversions
of the histogramthat are optimal for theseversions.
Notethatoptimalityof histogramdependsonits repre-
sentationandchangingrepresentation(e.g.,thenum-
berof valuesstoredperbucket),changesthehistogram
(e.g.,how to estimatearangequeryfrom it) andits op-
timality for thegivenrepresentation.

2. [Wavelet-BasedMethods]

Wavelettechniqueswork by transformingthedatainto
aform thatconcentratesmostof theinformationinto a
smallnumberof coef�cients thatcanbeeasilysumma-
rized. We presenta fast(in fact,near-linear time) al-
gorithmto constructa provablyoptimalwaveletsum-
mary for rangequeries;no suchalgorithmwasprevi-
ouslyknown.

3. [Experimental Results]

We perform an experimentalstudy of the suggested
histogram-basedalgorithms,waveletmethodsaswell
assomeheuristicvariationsthereof. Herewe usethe
pseudopolynomialtime optimal histogramalgorithm
as a benchmarkto comparethe performanceof the
otheralgorithms.

We show not only thatselectivity estimationmethods
thatdo not optimizefor range-queriesperformsignif-
icantly poorly comparedto the onesthat do, but also

thatour heuristicsthatareno moreexpensive to com-
pute than the onesknown in literature(for example,
thosethatoptimizeequalityqueries)performverywell
for rangequeries.

Map. We discussthehistogramde�nition andour algorith-
mic resultsfor range-optimalhistogramconstructionin Sec-
tion 2. We discussthe wavelet approachbrie�y in Section
3. Furtherheuristicsandexperimentalresultscanbe found
in Section4. Concludingremarksin Section5 discussother
resultsand future directions. Due to spaceconstraints,we
haveonly statedor sketchedtheresults;proofswill befound
in the�nal versionof this paper.

2 Histogram approach

In this Section,we considerhistogrammethods. That is,
we partition the indices ���	�
�
���
� of a givenarray � into �

contiguoussubsequences,(calledbuckets),store ������� sum-
marystatisticsfor eachbucket,andanswerqueriesbasedon
the summarystatistics. In eachof the methodsbelow, we
will optimizetheselectionof bucket boundariesand�x the
procedureusedto answerqueries(describedfurtherbelow).
Eachsuchrepresentationwill resultin possiblydifferent“op-
timal” histogramfor givendatasets,andwe will presental-
gorithmsfor computingsuchoptimalhistogramsor approx-
imationsthereof. In theexperimentalsection,we will com-
paretheeffectivenessof thedifferentrepresentationsandour
algorithms.

A brief technicaloverview of our resultfollows. Histogram
constructionalgorithmsmostly rely on dynamicprogram-
ming whereinan optimal result for a (sub)problemis ob-
tainedby dividing it into two or moresubproblemsandcom-
bining theoptimal solutionsto thosesubproblems.For this
strategy to work, the constituentsubproblemsshouldhave
no interactionsothatit suf�ces to considertheir optimalso-
lutions independently. This framework appliesfor equality
queriesand the resultingdynamicprogrammingalgorithm
is in [6]. This doesnot, however, work for rangequeries
wheretherangesinducelongrangedependencebetweenthe
subproblems.3 Our technicalresultsin this category consist
of many observationsthatletsuspreciselycomputethelong
rangeinteractionwithin thesolutionof varioussubproblems,
or approximatethis long rangedependence,or show cer-
tainhistogramrepresentationswhereinthelongrangedepen-
dencecanbemadeto disappear. Theseobservationsgive us
thevarietyof algorithmswedescribein this section.

3This dependencepersistseven if one thinks of a rangequery on the
originaldistributionasacollectionof two equalityqueriesonits pre�x sums
distribution comprisingthetwo endpointsof therange.



We �rst considertheOPT-A histogram,in which thereis a
singlesummarystatisticfor eachbucket,namely, theaverage
valueof ��� ��� 's in thatbucket. This is theclassicalhistogram
consideredin theliterature.

In our histogramdiscussion,we will usethefollowing nota-
tion. De�ne ��� �������! #"%$'&�()&!*+��� ��� ; all rangesbelow include

bothendpoints.We will denoteby ��� ������� theapproximation
to ��� ������� given by whatever methodis underconsideration,
so the goal is to minimize the sum-squarederror (summed
overall possiblerangequeries)4
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2.1 OPT-A and PseudopolynomialTime Algo-
rithms

TheOPT-A approximationis givenby equation1 in thebox.
The squarebrackets indicateroundingtheir argumentto a
nearbyinteger in an arbitrary way. The argumentto the
squarebracketsrepresentstheoutcomeof breakingthequery
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of the middle pieceis exact—theerror in ��� ������� is due to
the end piecesonly. Similarly, given a query �K�����1� with
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4Onemaymoregenerallyconsiderworkloaddistribution in which there
is aprobabilityassociatedwith eachrangequery. Wewill addresstheprob-
lem of extendingour solution to suchgeneralworkload casein the �nal
versionof this paper.

2.1.1 A Warm-up Exact Algorithm for OPT-A

We now give and analyzea pseudopolynomialtime algo-
rithm for OPT-A. In the next Section,we will give a more
ef�cient algorithmthat builds on the algorithmof this Sec-
tion.
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Theorem1 Thereexistsapseudopolynomialtimealgorithm
for constructingthe OPT-A histogram with optimal bucket
boundaries.
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2.1.2 Impr oved Exact Algorithm

In this section,we presenta fasterpseudopolynomialtime
algorithmfor constructingOPT-A histograms.
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optimalerrorof therange-optimalhistogram.

2.1.3 OPT-A-ROUNDED—A
FasterApproximateMethod

In thisSection,weconsidermaintainingintermediateresults
only to a nearbymultiple of an integer, ö , to bedetermined

later. The resultis that the runtimeimprovesby a factorof
ö (sincewe needonly considera valuesthat aremultiples
of ö ), while the histogramquality degradesby a bounded
amount.

Speci�cally, de�ne theOPT-A-ROUNDEDhistograms(with
parameterö , to beoptimizedlater)asfollows:

De�nition 3 Given an array � , round the entries (up or
down,arbitrarily) to nearbymultiplesof ö . Divide the re-
sult throughby ö . Computethe OPT-A histogramson the
result,andmultiply throughby ö .

Theorem4 Fix any ÷iøµ† .
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quire thesamestorage, z�� valuesperbucket.

3. There is an algorithmfor OPT-A-ROUNDEDthat re-
quirestime ���K�ƒù1��ú•÷

8

M

�ƒû
�…ü a

�

ú•÷	� .

Thedominantexpressionin theruntimeis ü
a

�

. Thisshould
becomparedwith a

�

in theruntimeof ourbestexactOPT-A
algorithm.

Someadditionalsavings is possibleby usingunbiasedran-
domizedroundinginsteadof arbitraryrounding.In particu-
lar, we canprovethetheoremabovewith runtime

���K�
î

�…ú•÷

M

�
î

�€ý a

�

ú•÷
� .

2.2 Histogram Variants and Polynomial Time
Methods

In this section,we de�ne variantsof theclassicalhistogram
wherewe store �����•� summaryvaluesfor eachbucket (re-
call that in theclassicalhistogram,we just storetheaverage
valueperbucket). Informally, themainthemein thissection
is thatwechooseappropriatesummaryvaluerepresentations
for the bucketssuchthat the cross-termsin the earliersec-
tions (that is onesthatdependon a and/or a

8

) will vanish.
As a result, the algorithmsareconsiderablyfaster(in fact,
they run in time polynomialin � and � ) andproduceopti-
mal histogramvariants. Later, in the experimentalsection,
we comparehow thesehistogramvariantscomparewith the
classicalonesdiscussedin the previous section. For now,



wefocusoncomputingthehistogramvariantsoptimallyand
ef�ciently .

The resultsof this Sectionfollow from a main Lemmathat
says,intuitively, that,for a naturalansweringprocedurethat
we specifybelow, the crosstermsin the sum-squarederror
vanish.We�rst describeonevariantof thisalgorithm,SAP0,
thenindicateamodestgeneralizationto SAP1.

2.2.1 The SAP0Histogram

TheSAP0andSAP1methodsarehistogramapproximations.
Givena histogramapproximationþ for rangequeriesto an
array � , recall that ��� èÔ��ÿ1� denotes" d &�()& m ��� ��� , ��� è���ÿ1� de-
notesthe approximationto ��� èÔ�
ÿ	� , and ^

dcm denotes��� èÔ��ÿ1�O4

�5� èÔ�
ÿ1� . Associatedwith eachbucket � , in SAP0therearethree
values: an suf�x value �
B �

�)��� , the averagevalue H'I�J+�)��� ,
anda pre�x value �������
�)��� . To answeran inter-bucket query

�K�����1� , return

��� �������

 �
B �
�KA+B+CED����F�
�
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»
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��A+B+CED����1�
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Notethattheresponseto aninter-bucketquerydependsonly
on A+B+CED����F� and A+B+CED����1� , but not otherwiseon � and � . An
intra-bucket query �K�����1� is answeredby H'I�JF��A+B+CED��K�3�
�
��� 4

�

M

�•� . Also notethat, in contrastwith OPT-A, the above
valueis notnecessarilyaninteger.

The answeringprocedurespeci�es that the storedaverage
value is the actualbucket average,but, a priori , the suf�x
andpre�x valuescanbeany values.

Eachof the optimal valueshasa closed-formexpression—
they will betheaveragesof thebucketsuf�x sumsandbucket
pre�x sums,respectively. Furthermore,the specialproper-
ties of the suf�x and pre�x averagesmake the �nal, cross
termsin
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vanish,leaving only errorcontributionscomputablefrom lo-
cal information. It follows that onecancomputean SAP0
histogramin polynomialtime, usingthedynamicprogram-
ming techniquefrom [6] and from earlier in this Section.
We deferdetailsuntil afterpresentingthefollowing Lemma,
which is neededto show correctnessandto motivatetheal-
gorithm.

Lemma 5 (DecompositionLemma)

1. For each ÿ in the rightmostbucket of a partial buck-
eting, with pre�x summaryvaluesequal to average
bucket pre�x sumsand suf�x summaryvaluesequal
to averagebucket suf�x sums,
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2. For this �xed queryansweringprocedureandanypar-
tition, thesuf�x valuesandpre�x valuesthat optimize
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dcm are the averages of bucket suf�x sumsand
bucketpre�x sums,
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Proof: First,part1. By de�nition
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By ourchoiceof approximation,��B �
�Ô� , of eachbucket'ssuf-

�x query, it follows that, for eachbucket �gõGA+BFCEDF�Kÿ@� , we
have "

d7ä

P

^

d

P-V

f

 ì† , whence,consideringall è in buckets
left of ÿ , we have "

d

;

PRQ � ^

d

P
V

f

 † . This, with (2), gives
part1 of theLemma.

As for part 2, considerqueries ��èÔ�
ÿ@� with è in the leftmost
bucket and ÿ in an arbitrary other bucket. Note, that, for
this answeringprocedure,we could add a constant, 
 , to



eachsuf�x approximationand subtract 
 from eachpre�x
approximation.This yields an equivalentapproximationin
thesensethatit givesthesameresponsesto queries;wecon-
sideronly equivalenceclassesof approximations.Thus,we
mayassume,without lossof generality, thattheoptimalsuf-
�x valuein theleftmostbucketis theaverageof bucketsuf�x
sums.We needonly show thattheaverageof pre�x sumsis
theoptimalpre�x value.

But, for any randomvariable� , theexpectedvalue
.

�c���:4
�1�

8

� is minimizedfor �œ 

.

� �9� . The optimality of pre�x
valuesfollows. Similarly, if therightmostpre�x valueis the
bucket pre�x average,thenall theoptimal suf�x valuesare
bucketsuf�x averages.TheLemmafollows.

Intuitively, part 1 of the Lemma saysthat the total inter-
bucketerrordueto all rangequerieswith right endpoint ÿ is
thesumof two contributions,onethatdependsonly on local
informationbetween�<;

m and ÿ andthe other that depends
only onlocal informationbetweenè and �

;

d
(independentof

ÿ ). In otherwords,thecontributionof abucket � to thetotal
error dueto all inter-bucket rangesthat have left endpoints
in � is independentof the buckets into which the ranges'
right endpointsfall. Thisgreatlyhelpsin �nding theoptimal
histogramaswe will seenext.

First,notethattheDecompositionLemmaimpliesthatif we
�nd theoptimalbucketboundariesunderthespeci�edpre�x
andsuf�x valuesandspeci�edansweringprocedure,wewill
in facthave theoptimumover all bucket boundariesandall
pre�x andsuf�x values.5 To seethis (despitethe apparent
circularityof theDecompositionLemma),considertheopti-
mumhistogramþ over all bucket boundariesandsummary
values.By part 2, thesummaryvaluesaretheaveragepre-
�x andsuf�x sums.Now, consider�nding thehistogramþ '
with thebestbucketboundariesfor theansweringprocedure
thatspeci�esusingaveragepre�x andsuf�x sums;þ�� canbe
foundquickly bydynamicprogramming,since,bypart1, the
cross-termsof thesum-squarederrorvanishes.By optimal-
ity of þ�� and þ (overdifferentsetsof histograms),þg _þ�� .

We now proceedto thetop-level algorithmto constructhis-
tograms. We usedynamicprogrammingand just focuson
determiningthe error of the optimal histogram.De�ne the
quantity

.

�)����`�� to be minimumerrorof a histogramof the
pre�x ���\�@����� usingat most ` bucketsin which we consider
all rangequeriestotally containedin �c���
�K� aswell asthetotal
left contributionof thesebucketsto all therangeswhoseleft
endpointis in �\�@����� andwhoseright endpointsis in � �

M

�����!� .

5Recall that the �x ed answeringprocedurespeci�esusingthe average
valuesfor buckets in the interior of ranges.Although this resultsin zero
errorcontribution dueto bucketsin theinterior of queries,usingthebucket
averagesarenotnecessarilyoptimumfor loweringtheoverallsum-squared-
error.

We then have the simple recurrencein which to compute
.

�)����`�� , we considerall possiblechoicesof Wµõ � that use
`-4<� bucketsfor ���c����W�� andhave � W

M

�@����� asthe ` ' th bucket.
The error contributedby the bucket � W

M

������� canbe deter-
minedin ������� time asclaimedearlier, andthe restfollows
from dynamicprogramming:

Theorem6 TheSAP0histogram can be computedin time
���K�

8

�<� .

Onecansave spaceby recoveringthebucket averagesfrom
the bucket pre�xes and suf�x es. Thus bucket boundaries,
pre�xes,andsuf�x esneedto be stored,plausiblyrequiring
onecomputerword each.We thenhave:

Theorem7 The SAP0histogram requires storage for w��

numbers.

2.2.2 SAP1—Higher-Order Approximations

Recallthat theSAP0algorithmof thepreviousSectionkept
constants��B �

��� and �	�
���	��� and approximated��� èÔ���

=

d
� by

��B �
��A+B+CED��KèÔ��� and ��� �<;

m

��ÿ1� by �	�
���
��A+B+CED��)ÿ5�
� . Theapproxi-
mationis not sensitive to è or ÿ given A+B+CED���èŽ� and A+B+CED3�)ÿ5� .
More generally, we canalsostoreothervalues,��B � �

�K�
� and
������� � �)��� , andapproximate��� è��
�

=

d
� by

���

=

d
4Yè

M

������B � �
��A+B+CED��KèÔ���

M ��B �
�KA+B+CED���èŽ���

andapproximate��� �€;

m

��ÿ1� by

�Kÿ 4N�

;
mYM

�•���	����� � �KA+BFCED3�Kÿ5���

M �	�
���
��A+B+CED��)ÿ5�
�
�

We note without proof that the techniquesof the previous
Sectionall work for this answeringprocedure. The opti-
mal valuesof ��B � �

�K��� and �
B �
�K��� arethecoef�cients of the

bestvertical-offsetsum-squared-errorlinearregression�t to
the set

�

�Kè������ è��
�

=

d
�K���–A+B+CED3�KèŽ�Ÿ ��� . As in the caseof the

SAP0histogram,wecansimultaneouslyoptimizethebucket
boundariesandthe �	�
���
���	�
��� � �
��B �

, and �
B � � summaryval-
ues. Also, as in the caseof the SAP0 algorithm, it is not
necessaryto storethe bucket averages,sincethesecan be
recoveredfrom the ��B �

�Ô� and �	�
���1�Ô� values(which arethe
sameasin theSAP0algorithm).

Theorem8 The range-optimalSAP1histogram with opti-
mal bucket boundariesand summarystatisticscan be com-
putedin time ���K�

8

�>� . TheSAP1histogramrequiresstorage
for x•� numbers.



Observe that, functionally, OPT-A storestheaveragevalues
perbucket,usethemalsofor the �
B � � and ������� � values,and
sets�
B �

�Ô� and �	�
���
��� to zero.SinceSAP1optimizesthefour
suf�x andpre�x values,it producesa � -bucket histogram
with error no worse(and,generally, better)than � -bucket
OPT-A histograms,while using zy�Îx timesasmuchspaceper
bucket. TheSAP0 � -buckethistogramsareprovablyincom-
parablewith theOPT-A � -buckethistograms,andtheSAP0

� -buckethistogramsusex•†�� morespace.Wecomparevar-
ioushistogramsexperimentallyin Section4.

3 Wavelet-basedRepresentations

Histogramsareonecommon�e xible methodfor calculating
summarystatistics;wavelet-basedtechniquesare another.
Several recentworks (see[11, 17], for example)focus on
wavelet-basedsummarystatisticsfor databasequery opti-
mization,approximatequeryanswering,anddynamicmain-
tenanceof suchstatistics.Thiswork usesonly oneorthonor-
mal basis(the Haar basis)and gives a variety of heuristic
estimationmethodsfor point andrangequerieswith respect
to this �x edbasis.We will alsousetheHaarbasisin thispa-
per. See[5] andthereferencesthereinfor moreinformation
onwavelets.

We show how to computethe wavelet coef�cients that are
optimal for rangesumqueries.Our overall approachis gen-
eral. For a given array � , we considerarray � � where

�b��� ����W�� is the sum of ��� ��� to ��� W•� , that is, the rangesum.
Array � � is “virtual” in thatwe never materializeit. Now
we computetwo dimensionalpoint wise optimal wavelets
on �b� . Standardtwo dimensionalwaveletcomputationona
two dimensional����� arraywould take �Ÿ���

8

� time, but
usingthespecialstructurein �b� (it doesnothave �����

8

� in-
dependententries,but ratheronly �����N� ones),we areable
to show thefollowing:

Theorem9 There is an algorithm to computethe optimal
� -coef�cient waveletrepresentation,for rangequeriesin an
arrayof length � , that runsin time  �����N�K�"!$#@J%�Y��&

¿

r
À

� .

We haveomittedseveraldetailsinvolvedin obtainingthere-
sultabovedueto spaceconstraints.Althoughtheoverallap-
proachweoutlinedaboveworksfor histogrambasedapprox-
imationsaswell, thekey hereis thatweareableto getanear
linear (in � ) time algorithmfor the wavelet representation
by usingthespecialstructurein them,which is signi�cantly
fasterthantheoneswe know for histogramrepresentations.

4 Experimentsand benchmarks

In thissectionweperformanexperimentalstudyof thevari-
oushistogramandwavelet representationsdiscussedin pre-
vious Sections,as well as heuristicsand local searchim-
provementsto them. We useda datasetcontaining127 in-
tegerkeyscreatedafterdoingrandomrounding,(upor down
with probability 1/2) of �oats that areZipf distributed[18]
with tail exponent'Y G�@� ‚ .

Due to spaceconstraints,we decidedto focus only repre-
sentation“quality” results,that is, show the error in differ-
ent representations,not the runtimes.Althoughour wavelet
algorithmsarequickerthanmethodsfor histograms,ourpre-
liminaryexperimentswith wavelet-basedrepresentationsyield
resultsthatarequalitatively worsethanhistogram-methods.
We includeonewavelet-basedexperiment,denotedTOPBB
in Figure1, but don't discussthis further.

In Figure1, we plot thesum-squarederror(SSE)for all his-
togramandwavelet approximationsthat we tested. Notice
thaty-axisis logarithmic.NAIVE is a simplesummaryrep-
resentationthatusestheaveragevalueof all ��� �K� 's to answer
the queries.It is includedonly to provide a reasonableup-
per boundfor SSE.The ö -axis denotesthestoragerequire-
mentsof eachrepresentation,assumingbucket boundaries
andsummaryvalueseachrequirea singlecomputerword.

The A0 histogramis a variationof the SAP0histogram,in
whichonly theaveragevalue H'I�J+�)��� is storedin bucket � , al-
lowing morebucketsfor a given target space.Query �K�����'�

with A+BFCED3���3�)(  ?AFB+CEDF�X�1� is answeredusing(1). We employ
thesamedynamicprogrammingset-upthatweusedfor com-
putingSAP0,but theerror, ^

m
d , introducedfor a rangequery
is givenby (2). For thisansweringprocedurethethird, cross
termin (2) doesnot vanish,sotheresultinghistogram,con-
structedby a dynamicprogramthat ignoresthecrossterm,
is not optimal. Sincethis histogramis a variantof SAP0,in
whichonly theaveragevalueof thebucket is considered,we
referto it asA0.

Theorem10 TheA0histogramrequiresstoragefor z�� num-
bers.

Basedon thereportedresultswe concludethefollowing for
thehistogramtechniques:

* Histogramsthatareoptimizedfor pointqueriesarein-
adequatefor answeringrange-sumqueries.We imple-
mentedtheV-Optimalhistogram[6] optimizedto an-
swerpoint querieson ��� ��� usingan ���)�

8

�<� dynamic
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Figure1: Measurementsfor Zipf distribution

programmingalgorithm.Weadjustedtheprobabilities
for eachpoint ��� ��� to re�ect the probability that ��� ���

is part of a randomrange-query. Performanceof the
V-Optimalhistogramis denotedasPOINT-OPTin all
graphs.For our datasetsthe point optimal histogram
is upto 8 timesworstthanOPT-A with respectto SSE
and,on average,OPT-A is morethanthreetimesbet-
ter. POINT-OPTis inferior to all histogramsfor range
queriesthatwepresentin thegraph.

* OPT-A requirespseudopolynomialtime construction,
which will be infeasiblefor realisticdatasets.SAP0
andSAP1 provide two polynomial time alternatives.
Constructionof both histogramsis fasterbecauseof
thedecompositionlemmathatallows strictly polyno-
mial running-time,but this comesat the expenseof
usingmorevaluesperbucket. TheSAP0approxima-
tion is insensitive to the left or right querypoint in a
bucketandwasinferior (in termsof SSEperunit stor-
age)to all otherhistogramsthatwe tested.6 SAP1is
provably betterthanOPT-A for the samenumberof
buckets,however is requires2.5 timesmorespace.In
ourtestsOPT-A is2-4timesbetterthanSAP1,with re-
spectto SSEfor agivenspacebound.Thisshowsthat
usingmorebuckets is betterthat incorporatingmore
complex statisticswithin eachbucket (and therefore
realizingfewerof them).

6For readabilitywe did not includemeasurementsfor SAP0in theFig-
ure.

5 Conclusions

Wehavestudiedtheselectivity estimationproblemfor range
queries,a fundamentalproblem. We have presentthe �rst-
known optimal and approximatealgorithmswith provable
guaranteesfor constructinghistogram-basedsummaryval-
ues;thealgorithmstake (pseudo)polynomialtime. We have
also consideredthe wavelet-basedapproachfor construct-
ing summaryvaluesandpresenteda near-linear time algo-
rithm for optimally choosingthesummaryvaluesfor range
queries.Again, no suchresultswereknown previously. We
havealsopresentedexperimentalresultswith ouralgorithms
andotherheuristics.Ourwork laysthefoundationfor under-
standingthetruecomplexity of constructing“optimal” sum-
mary representationsfor rangequeries.Most resultsherein
areonly sketched,full proofswill bein �nal version.

We describeone �nal idea, namely, a generalapproachto
improvethequalityof histogramrepresentations.

Oncewehavedeterminedthebucketboundariesfor any his-
togram,wecan�x themandfurtheroptimizetheapproxima-
tion by changingthevaluesstoredin eachbucket. For a�x ed
bucketingscheme,we substituteH'I�J3�)��� in formula1 with a
value ö–�)��� to be optimized. Let +ö_ 

�

öq�����
�	�
�
�	��ö–�K�>�
� be
the setof valuesstoredin the histogram.The overall sum-
squarederroris
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a polynomialof degree2 in thecoordinatesof +ö . Thatis,

0

d7l m

^

�
8

dcm

 ,+ö.-�+ö0/ M +1 +ö0/ M 
•� (3)

where - is a �2�ó� matrixdependingon thebucketbound-
ariesonly, +1 is a vectorof size � , and 
 is a constant.The
matrix - and vector +1 can be found in time ����� M

�

8

� .
System(3) hasa single local minimum, that canbe found
by solving z3+ö4- M +1  

+
† in the time it takes to invert a

�2�ó� matrix,atmost ���K�

í

� . Theresultingapproximation
is denotedasA-reopt for any original histogramalgorithm5

. Thereopt-ingoperationtakestime ����� M

� &
¿

r À

� .

Thisreopt-ingstrategy mayhelpcertainhistogramoptimiza-
tionswherethesummaryvaluesstoredin bucketsis not op-
timized in thede�nition of thehistogram(suchasthe clas-
sicalde�nition wherewestorejust theaverage),but will not
help in othercases(e.g., in SAP0or SAP1,which already
optimizeover summaryvalues.) We did a preliminaryex-
perimentwith A0-reopton our datasetand it wassuperior
andup to 41% betterthanOPT-A, with respectto theSSE.
However moreextensive experimentshave to be performed
(e.g.,doesOPT-A-reopt signi�cantly outperformOPT-A?).
This resultis encouragingbecausethemethodologyaboveis
general.
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