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Abstract

Fast estimatedor aggreyatequeriesare usefulin database
guery optimization, approximatequery answeringand on-
line query processing. Hence,there hasbeena lot of fo-
cuson “selectvity estimation” thatis, computingsummary
statisticson theunderlyingdataandusingthatto answerag-
gregatequeriesfastandto a reasonabl@pproximation.We
presentwo setsof resultsfor rangeaggreyatequerieswhich
areamongsthe mostcommonqueries.

First, we focus on a histogramas summarystatisticsand
presentlgorithmsfor constructinchistogramshatareprov-
ably optimal (or provably approximate)for rangequeries;
thesealgorithmstake (pseudo-)polynomialtime. Theseare
the rst known optimality or approximatiorresultsfor arbi-
trary rangequeries;previously known resultswere optimal
only for restrictedrangequeries(suchas equality queries,
hierarchicalor pre x rangequeries).

Secondwe focuson wavelet-basedepresentationassum-
marystatisticeandpresenfastalgorithmsor pickingwavelet
statisticsthat are provably optimal for rangequeries. No
previously-knovnwavelet-basednethodshavethis property

We performan experimentalstudy of the varioussummary
representationshav the bene ts of our algorithmsover the
known methods.
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1 Intr oduction

Databasebave traditionally relied on selectvity estimation
methodsto generatdastestimatedor (intermediateyesult
sizes. This is typically usedin cost-basedjuery optimiza-
tion [13, 10, 8, 3, 4]. Morerecently selectvity estimationis
usedwherean approximateanswerto a querysufces; this
is appropriatevhereanapproximationcanbetoleratedpro-
vided the query executionis rapid. Scenariodike that are
commonin the exploratorydataanalysiswhich hasbecome
a signi cant part of databasgrocessingvith the growth in
datawarehousingapplications. Databasesnginesare now
beingdesignedo includeapproximategueryprocessingan
exampleis AQUA [1]. Finally, anemepgingtrendin database
researchexploresonline queryprocessingvhereinfastesti-
matesare provided and they get re ned over time at rates
controlledby theuser[7]. Selectvity estimationis aninher
entpartof suchdatabassystems.

Herewe address basicselectvity estimationproblem.We
are given the attribute value distribution of a numericalat-
tribute, that is, for eachattribute! value , the numberof
recordsof the databasehat hasvalue for the numerical
attribute underconsideration.While the joint attribute val-
uesdistribution of two or more numericalattributesis also
relevant, we focusonly on the singleattribute (i.e., the one
dimensionalasein this paper® Selectvity estimationpro-
ceedsby storing somesummaryinformation aboutthe at-
tribute value distribution which is usedfor providing esti-
matesfor querieq1, 11].

We consideitherange-sunor simply therange querywhere
the goalis to returnthe numberof recordsin the database
with attribute valuesin a given attribute range. A special
caseis whenall rangeshave coinciding endpoints that is,
eachqueryis anequalityquery.

In this paper we studythe foundationaissuesn estimating

1Throughout,we assumethe attribute value is integral; this doesnot
affectthe generalityof our resultssincenon-intgral attribute canbe aggre-
gatedinto rangesndexed by integral valueswithout ary dif culty .

2Straightforvard extensionof our resultsto higherdimensionsarepos-
sible,but moreextensve investigationwill beneeded.



rangequerieswith limited spaceto storesummaryvalues.
Despiteextensve researcton selectvity estimationthereis
little understandingf how to provide the“best” rangequery
estimatedor agivensummaryspacebound.Ourwork is the
rst to addressalgorithmicissuesbehindthis problemand
prove guaranteedesults.In particulay our technicalcontri-
butionsareasfollows:

1. [Histogram-BasedMethods]

Histogramsarecommonlyusedfor selectvity estima-
tion. The goalis to build a range-optimalhistogram
which, informally, is a histogramthat hasthe small-
esttotal errorin estimatingrangequeriesfor a given
spaceboundfor storingthe histogram.

Ourmainresultis apseudo-polynomidalmealgorithm
that nds therange-optimahistogram(Thealgorithm
takespseudo-polynomiaime meanst is polynomial
in the databasaizeandnotin the numberof attribute
values. More formal de nition is in Section2.) No
previous optimalresultswereknown for this problem
save for rather specialcasesequality queries[6] or
hierarchically-limitedrangequerieq9].

We addto our main resultby presentinga fasteral-

gorithmwith a provableapproximatiorguarante¢hat
getsarbitrarily closeto the range-optimahistogram,
andpolynomialtime algorithmsfor alternateversions
of the histogramthat are optimal for theseversions.
Notethatoptimality of histograndepend®nits repre-
sentatiomand changingrepresentatioife.g.,the num-

berof valuesstoredperbucket),changeshehistogram
(e.g.,how to estimatearangequeryfromit) andits op-

timality for the givenrepresentation.

2. [Wavelet-BasedVethods]

Wavelettechniquesvork by transforminghedatainto

aform thatconcentratemostof theinformationinto a
smallnumberof coefcients thatcanbeeasilysumma-
rized. We presenta fast(in fact, nearlineartime) al-

gorithmto constructa provably optimalwaveletsum-
mary for rangequeries;no suchalgorithmwasprevi-

ouslyknown.

3. [Experimental Results]

We perform an experimentalstudy of the suggested
histogram-basedlgorithms,waveletmethodsaswell
assomeheuristicvariationsthereof. Herewe usethe
pseudopolynomiatime optimal histogramalgorithm
as a benchmarkto comparethe performanceof the
otheralgorithms.

We shav not only that selectvity estimationmethods
thatdo not optimizefor range-querieperformsignif-
icantly poorly comparedo the onesthat do, but also

thatour heuristicsthatareno moreexpensve to com-
pute thanthe onesknown in literature (for example,
thosethatoptimizeequalityqueriesperformverywell
for rangequeries.

Map. We discusshe histogramde nition andour algorith-
mic resultsfor range-optimahistogramconstructiorin Sec-
tion 2. We discussthe wavelet approachbrie y in Section
3. Furtherheuristicsand experimentalresultscanbe found
in Section4. Concludingremarksin Section5 discussother
resultsand future directions. Due to spaceconstraintswe
have only statedor sketchedtheresults;proofswill befound
in the nal versionof this paper

2 Histogram approach

In this Section,we considerhistogrammethods. That is,
we partitionthe indices of agivenarray into
contiguoussubsequenceg;alledbuckets),store sum-
mary statisticsfor eachbucket, andanswerqueriesbasecbn
the summarystatistics. In eachof the methodsbelov, we
will optimizethe selectionof bucket boundariesand x the
procedurausedto answerqueries(describedurtherbelow).
Eachsuchrepresentatiowill resultin possiblydifferentop-
timal” histogramfor given datasetsandwe will presental-
gorithmsfor computingsuchoptimal histogramsor approx-
imationsthereof. In the experimentalsection,we will com-
paretheeffectivenes®f thedifferentrepresentationandour
algorithms.

A brief technicaloverview of our resultfollows. Histogram
constructionalgorithmsmostly rely on dynamicprogram-
ming whereinan optimal resultfor a (sub)problemis ob-
tainedby dividing it into two or moresubproblemsindcom-
bining the optimal solutionsto thosesubproblems For this
strat@yy to work, the constituentsubproblemsshould have
nointeractionsothatit sufces to considettheir optimal so-
lutions independently This frameawork appliesfor equality
queriesand the resultingdynamic programmingalgorithm
is in [6]. This doesnot, however, work for rangequeries
wheretherangesnducelongrangedependencbetweerthe
subproblems. Our technicalresultsin this cateyory consist
of mary obsenationsthatletsus preciselycomputethelong
rangeinteractionwithin thesolutionof varioussubproblems,
or approximatethis long rangedependencepr shov cer
tainhistogranrepresentationshereinthelongrangedepen-
dencecanbe madeto disappearTheseobsenationsgive us
thevarietyof algorithmswe describdn this section.

3This dependenceersistseven if one thinks of a rangequery on the
originaldistribution asacollectionof two equalityqueriesonits pre x sums
distribution comprisingthe two endpointf therange.



We rst considerthe OPTA histogram,in which thereis a
singlesummarystatisticfor eachbucket,namelytheaverage
valueof 'sin thatbucket. Thisis theclassicahistogram
consideredn theliterature.

In our histogramdiscussionyve will usethefollowing nota-
tion. De ne ; all rangedelow include

bothendpoints We will denoteby theapproximation
to given by whaterer methodis underconsideration,
so the goal is to minimize the sum-squareerror (summed
overall possiblerangequeries}

For anindex , let and denotetheleft-
most andrightmostelementsin the bucket to which  be-
longs. We alsowrite and for the left- andright-
mostelement®f the 'th bucket, ; hoconfusion
shouldensueLet denotethebucketindex
of thebucketcontaining , andlet
theaverageof the 'th bucket.

denote

2.1 OPT-A and PseudopolynomialTime Algo-
rithms

The OPTA approximatioris givenby equationl in thebox.
The squarebracletsindicate roundingtheir agumentto a
nearbyinteger in an arbitrary way. The argumentto the
squarebracletsrepresenttheoutcomeof breakingthequery

into threepieces—thgiececontainedn , the
piececontainedn , andthepiecethatspansall buck-

ets(if any) strictly between and . Notethat,
since

theapproximation

of the middle pieceis exact—theerrorin is dueto
the end piecesonly. Similarly, given a query with

, answemwith

4Onemaymoregenerallyconsidemworkloaddistribution in which there
is aprobabilityassociateavith eachrangequery We will addresshe prob-
lem of extendingour solutionto suchgeneralworkload casein the nal
versionof this paper

2.1.1 A Warm-up Exact Algorithm for OPT-A

We now give and analyzea pseudopolynomiatime algo-
rithm for OPTA. In the next Section,we will give a more
ef cient algorithmthat builds on the algorithmof this Sec-
tion.

De ne . Next, wewill de ne

for any given histogramsolutionwith at most bucketsfor
suchthat and . In

thesecasesde ne by Here

we stressthat , ,and all dependon
a (partial) bucketing of thearray . Theimplied bucketing
will beclearfrom context.
For example,suppose

,thearray is givenby

,and . Considerthe bucketing of the rst
valuesinto two equalbuckets, and . Theaver
agef thebucketsare2 and8. Then

and
Thus is de ned for this histogramandits value
is
De ne to beminimumvalueof

for any histogranthatsatis estheconditionsabove. In order
to solve our problem,clearlyit sufces to compute

for all possiblevaluesof and andto take theminimum
possible Our stratgy is to computethe bestbucketizationof
size bytryingall possiblevalues for theright boundaryof
theleftmost buckets,andrecursvely solvethe -
bucket problem.We have
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Expandingthethird termontheright, we have

Hence,

Theorem1 Theeexistsapseudopolynomidgimealgorithm
for constructingthe OPTA histogram with optimal bucket
boundaries.

Proof. Thealgorithminvolvescomputing ,
for all possiblevaluesof and , usingthe recurrenc
abose.Let  bethelargestvalueof  suchthat needgo
be explored;we now bound  from above. First, we shav
that . We have assumedhatall valuesof

arenon-ngjative whenceit follows thatthe averagein each
bucketis non-neative,so (usingcrudebounds)

Thus

Similarly, an upperbound, , for is given by
. Furthermore, and arealways

integral. Hence,the numberof different  valueswe will
computes

Eachcomputationinvolves checkingat most choicesfor

, and eachsuchchoicecanbe evaluatedin time af-
tera preprocessing(This stepis nontrivial, but uses
standardechniquesscanbefoundin e.g.,[9].) Hencethe
entirealgorithmtakestime . Thisis polyno-
mial in andhencetheentirealgorithmis pseudopoly-
nomial. We notethat and  arelikely to be muchless
thanthe upperboundabove we have usedto prove thatthe
algorithmworksin time pseudopolynomiah theinputsize.
For example,onecanshaw thateachof and is at
most , Where is the optimalerror. [ |

2.1.2 Improved Exact Algorithm

In this section,we presenta fasterpseudopolynomiatime
algorithmfor constructingDPT-A histograms.

We de ne for ary givenhistogramsolutionwith
atmost bucketsfor suchthat . The
quantity is de nedto be



De ne to betheminimumvalueof for
ary histogramthat satis esthe conditionsabove. As in the
previous Sectionwe cantry all possiblevalues for the
left endpointof therightmostbucket. Thatis,

We expandthelastterm:

andget

Clearly; it sufces to compute for all possible
valuesin orderto computethe range-optimahistogram.As
before,webound by ,and,since valuesareintegral,
we needonly consider  valuesof

Theorem2 Thee exists an time algorithm to
computethe OPTA histagram with optimal bucket bound-
aries.

Notethat ,where isthe

optimalerrorof therange-optimahistogram.

2.1.3 OPT-A-ROUNDED—A
Faster Approximate Method

In this Sectionwe considemaintainingintermediataesults
only to a nearbymultiple of aninteger, , to bedetermined

later Theresultis thatthe runtimeimprovesby a factorof

(sincewe needonly consider valuesthatare multiples
of ), while the histogramquality degradesby a bounded
amount.

Speci cally, de ne theOPT-A-ROUNDED histogramgwith
parameter , to beoptimizedlater)asfollows:

De nition 3 Givenan array , round the entries (up or
down, arbitrarily) to nearbymultiplesof . Divide there-
sult throughby . Computethe OPTA histogramson the
result,and multiply throughby .

Theorem4 Fix any

1. The histagram OPT-A-ROUNDED with parameter
giveserror within the factor of the error of
OPTA.

2. Ouralgorithmsfor OPT-A andOPT-A-ROUNDEDre-
quirethesamestorage,  valuesper bucket.

3. Theeis an algorithmfor OPT-A-ROUNDEDthat re-
quirestime

" . Thisshould
in theruntimeof our bestexactOPTFA

Thedominantexpressionin theruntimeis
becomparedvith
algorithm.

Someadditionalsarings is possibleby usingunbiasedan-
domizedroundinginsteadof arbitraryrounding. In particu-
lar, we canprove thetheoremabove with runtime

2.2 Histogram Variants and Polynomial Time
Methods

In this section,we de ne variantsof the classicahistogram
wherewe store summaryvaluesfor eachbucket (re-
call thatin theclassicahistogramwe just storethe average
valueperbucket). Informally, the mainthemein this section
is thatwe chooseappropriatessummarywaluerepresentations
for the buckets suchthat the cross-termsn the earlier sec-
tions (thatis onesthatdependon and/or ) will vanish.
As a result, the algorithmsare considerablyfaster(in fact,
they runin time polynomialin  and ) andproduceopti-
mal histogramvariants. Later, in the experimentalsection,
we comparehow thesehistogramvariantscomparewith the
classicalonesdiscussedn the previous section. For now,



we focuson computingthe histogranvariantsoptimally and
efciently.

The resultsof this Sectionfollow from a main Lemmathat
says,intuitively, that,for a naturalansweringorocedurehat
we specifybelow, the crosstermsin the sum-square@rror
vanish.We rst describeonevariantof thisalgorithm,SAPO,
thenindicatea modestgeneralizatiorio SAP1.

2.2.1 The SAPOHistogram

TheSAPOandSAP1methodsarehistogramapproximations.

Givena histogramapproximation for rangequeriesto an

array , recall that denotes . de-

notesthe approximationto ,and denotes

. Associatedvith eachbucket , in SAPOtherearethree

values: an sufx values ff , the averagevalue ,

andapre x valuepref . To answeraninter-bucket query
, return

s ff

pref

Notethattheresponséo aninter-bucketquerydepend®nly
on and , but not otherwiseon and . An
intra-bucket query is answeredy

. Also notethat, in contrastwith OPT-A, the above
valueis notnecessarilaninteger.

The answeringprocedurespeci es that the storedaverage
valueis the actualbucket average,but, a priori, the sufx
andpre x valuescanbeary values.

Eachof the optimal valueshasa closed-formexpression—
they will betheaverage®f thebucketsufx sumsandbucket

pre X sums,respectiely. Furthermorethe specialproper

ties of the sufx andpre x averagesmale the nal, cross
termsin

» r

vanish,leaving only errorcontributionscomputabldrom lo-

cal information. It follows that one cancomputean SAPO
histogramin polynomialtime, usingthe dynamicprogram-
ming techniquefrom [6] and from earlierin this Section.
We deferdetailsuntil afterpresentinghefollowing Lemma,
which is neededo shaw correctnessindto motivatethe al-

gorithm.

Lemma 5 (DecompositionLemma)

1. For eadh in the rightmostbucket of a partial buck-
eting with pre x summaryvaluesequalto avemlge
budket pre x sumsand sufx summaryvaluesequal
to average budket sufx sums,

Ed g

2. For this xed queryansweringprocedueandanypar-
tition, the sufx valuesandpre x valuesthat optimize
are the averages of bucket sufx sumsand

budket pre x sums,

s ff

and

pref

Proof: First, part1. By de nition

Note,however, that,for ary intenal , we have
since . Hencefor
each ,

Thatis,

. . (2)
By ourchoiceof approximations ff , of eachbucket'ssuf-
X query it follows that, for eachbucket , we
have , whenceconsideringall in buckets
left of , we have . This, with (2), gives
partl of theLemma.

[d

As for part 2, considerqueries with in the leftmost
bucket and in an arbitrary other bucket. Note, that, for
this answeringprocedure,we could add a constant,c, to



eachsufx approximationand subtractc from eachpre x
approximation. This yields an equialentapproximationin
thesensdhatit givesthe sameresponseto querieswe con-
sideronly equivalenceclassesf approximations.Thus,we
may assumewithoutlossof generality thatthe optimal suf-
x valuein theleftmostbucketis the averageof bucketsufx
sums.We needonly show thatthe averageof pre x sumsis
theoptimalpre x value.

But, for ary randomvariableX, theexpectedvalue X

is minimized for X . The optimality of pre x
valuesfollows. Similarly, if therightmostpre x valueis the
bucket pre x average thenall the optimal sufx valuesare
bucketsufx averagesThelLemmafollows. [ |

Intuitively, part 1 of the Lemmasaysthat the total inter-

bucketerrordueto all rangequerieswith right endpoint is

the sumof two contributions,onethatdepend®nly onlocal

informationbetween  and andthe otherthat depends
only onlocalinformationbetween and  (independenof

). In otherwords,thecontributionof abucket tothetotal

error dueto all inter-bucket rangesthat have left endpoints
in is independenbf the bucketsinto which the ranges'
right endpointdall. Thisgreatlyhelpsin nding theoptimal

histogramaswe will seenext.

First, notethatthe Decompositior.emmaimpliesthatif we
nd theoptimalbucketboundariesinderthespeci edpre x
andsufx valuesandspeci edansweringorocedurewe will
in facthave the optimumover all bucket boundariesandall
pre x andsufx values® To seethis (despitethe apparent
circularity of the Decompositioremma),considetthe opti-
mum histogram  over all bucket boundarieandsummary
values. By part 2, the summaryvaluesarethe averagepre-
X andsufx sums.Now, considernding thehistogram
with the bestbucket boundariegor the answeringorocedure
thatspeci esusingaveragepre x andsufx sums; ’canbe
foundquickly by dynamicprogrammingsince by part1, the
cross-term®f the sum-square@rrorvanishes.By optimal-
ity of ’and (overdifferentsetsof histograms), '

We now proceedo thetop-level algorithmto constructhis-

tograms. We usedynamicprogrammingand just focuson

determiningthe error of the optimal histogram. De ne the
guantity to be minimum error of a histogramof the
pre x usingatmost bucketsin which we consider
all rangequeriegotally containedn aswell asthetotal

left contribution of thesebucketsto all therangesvhoseleft

endpointisin andwhoseright endpointss in

SRecallthatthe x ed answeringprocedurespeci es usingthe average
valuesfor bucketsin the interior of ranges. Although this resultsin zero
error contribution dueto bucketsin theinterior of queriesusingthe bucket
averagesarenotnecessarilypptimumfor loweringtheoverall sum-squared-
error.

We then have the simple recurrencein which to compute

, we considerall possiblechoicesof thatuse
bucketsfor andhave asthe 'thbucket.
The error contributed by the bucket canbedeter

minedin time asclaimedearlier andthe restfollows
from dynamicprogramming:

Theorem6 The SAPOhistagram can be computedn time

Onecansave spaceby recoveringthe bucket averagedrom
the bucket pre xesand sufx es. Thus bucket boundaries,
pre xes,andsufx esneedto be stored,plausibly requiring
onecomputemvord each.We thenhave:

Theorem7 The SAPOhistogram requires storage for
numbes.

2.2.2 SAP1—Higher-Order Approximations

Recallthatthe SAPOalgorithmof the previous Sectionkept
constants ff andpref andapproximated by
s ff and by pref . Theapproxi-
mationis notsensitveto or given and .
More generally we canalsostoreothervalues,s ff' and

pref’ , andapproximate by

s fff s ff
andapproximate by

pref ' pref

We note without proof that the techniquesof the previous
Sectionall work for this answeringprocedure. The opti-
malvaluesof s ff' ands ff arethecoefcients of the
bestvertical-ofsetsum-squared-errdinearregressiont to
the set . As in the caseof the
SAPOh|stogramwecanS|muItaneously)ptlmlzethebucket
boundariesandthe prefpref ' s ff, ands ff' summaryval-
ues. Also, asin the caseof the SAPOalgorithm, it is not
necessaryo storethe bucket averages,sincethesecan be
recoveredfrom thes ff andpref values(which arethe
sameasin the SAPOalgorithm).

Theorem8 The range-optimal SAP1histagram with opti-
mal bucket boundariesand summarystatisticscan be com-
putedin time . TheSAPlhistogramrequiresstorage
for numbes.



Obsenre that, functionally, OPTA storesthe averagevalues
perbucket, usethemalsofor thes ff' andpref’ values,and
setss ff andpref tozero.SinceSAPloptimizesthefour
sufx andpre x values,it producesa -bucket histogram
with error no worse (and, generally better)than -bucket
OPT-A histogramswhile using  timesasmuchspaceper
bucket. TheSAPO -buckethistogramsareprovablyincom-
parablewith theOPTA -buckethistogramsandthe SAPO

-buckethistogramsise % morespaceWe comparevar
ious histogramsexperimentallyin Sectior4.

3 Wavelet-basedRepresentations

Histogramsareonecommon e xible methodfor calculating
summarystatistics; wavelet-basedechniquesare another
Several recentworks (see[11, 17], for example)focuson
wavelet-basedsummarystatisticsfor databasejuery opti-
mization,approximatequeryansweringanddynamicmain-
tenanceof suchstatistics. Thiswork usesonly oneorthonor
mal basis(the Haar basis)and gives a variety of heuristic
estimationmethodgor pointandrangequerieswith respect
to this x edbasis.We will alsousetheHaarbasisin this pa-
per. Seg[5] andthereferenceshereinfor moreinformation
onwavelets.

We shav how to computethe wavelet coefcients that are
optimalfor rangesurngueries.Our overall approachs gen-
eral. For a givenarray , we considerarray where

is the sum of to , thatis, the rangesum.
Array is “virtual” in thatwe never materializeit. Now
we computetwo dimensionalpoint wise optimal wavelets
on . Standardwo dimensionalvaveletcomputatiorona
two dimensionalV x N arraywould take (IV time, but
usingthespecialstructuran (it doesnothave NV in-
dependenentries,but ratheronly N ones),we areable
to shav thefollowing:

Theorem9 Thee is an algorithm to computethe optimal
-coefcient waveletrepresentationfor range queriesin an
array of length V, thatrunsin time Nlo ¥

We have omittedseveraldetailsinvolvedin obtainingthere-
sultabove dueto spaceconstraints Althoughthe overall ap-
proachwe outlinedaboseworksfor histogrambasedapprox-
imationsaswell, thekey hereis thatwe areableto getanear
linear (in N) time algorithmfor the wavelet representation
by usingthe specialstructurein them,which is signi cantly
fasterthanthe oneswe know for histogranrepresentations.

4 Experimentsand benchmarks

In this sectionwe performanexperimentaktudyof the vari-
oushistogramandwaveletrepresentationdiscussedn pre-
vious Sections,as well as heuristicsand local searchim-
provementsto them. We useda datasetcontaining127in-
tegerkeys createdafterdoingrandomrounding,(up or down
with probability 1/2) of oats thatare Zipf distributed[18]
with tail exponentx

Due to spaceconstraintswe decidedto focus only repre-
sentation‘quality” results,thatis, shav the errorin differ-
entrepresentationgjot the runtimes. Although our wavelet
algorithmsarequickerthanmethoddor histogramsour pre-
liminary experimentswith wavelet-basedepresentationgeld
resultsthat arequalitatively worsethanhistogram-methods.
We includeonewavelet-basedxperiment,denotedTOPBB
in Figurel, but don't discusghis further.

In Figurel, we plot the sum-squareérror (SSE)for all his-

togramand wavelet approximationghat we tested. Notice

thaty-axisis logarithmic. NAIVE is a simplesummaryrep-

resentatiorthatuseshe averagevalueof all 'stoanswer
the queries. It is includedonly to provide a reasonableip-

perboundfor SSE.The -axisdenoteghe storagerequire-

mentsof eachrepresentationassumingbucket boundaries
andsummarywalueseachrequirea singlecomputemword.

The AO histogramis a variationof the SAPOhistogram,in

which only theaveragevalue is storedin bucket , al-

lowing morebucketsfor a giventarget space.Query

with  / is answeredising(1). We employ

thesamedynamicprogrammingset-upthatwe usedfor com-
puting SAPO,but theerror, , introducedor arangequery
is givenby (2). For thisansweringorocedurehethird, cross
termin (2) doesnot vanish,sothe resultinghistogram con-
structedby a dynamicprogramthatignoresthe crossterm,
is not optimal. Sincethis histogramis a variantof SAPO,in

whichonly theaveragevalueof thebucketis consideredye

referto it asA0.

Theorem 10 TheAOhistagramrequiresstoragefor
bers.

num-

Basedon the reportedresultswe concludethe following for
the histograntechniques:

¢ Histogramghatareoptimizedfor pointqueriesarein-
adequatdor answeringange-sungueries.We imple-
mentedthe V-Optimal histogram[6] optimizedto an-
swerpoint querieson usingan dynamic
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programmingalgorithm.We adjustedheprobabilities
for eachpoint to re ect the probability that

is part of a randomrange-query Performancef the
V-Optimal histogramis denotecasPOINT-OPTin all

graphs. For our datasetghe point optimal histogram
is upto 8 timesworstthanOPT-A with respecto SSE
and,on average OPTA is morethanthreetimesbet-
ter. POINT-OPT s inferior to all histogramdor range
guerieshatwe presenin thegraph.

OPT-A requirespseudopolynomidime construction,
which will be infeasiblefor realistic datasets.SAPO
and SAP1 provide two polynomialtime alternatves.
Constructionof both histogramds fasterbecauseof

the decompositionemmathatallows strictly polyno-
mial running-time,but this comesat the expenseof

usingmorevaluesperbucket. The SAPOapproxima-
tion is insensitve to the left or right querypointin a
bucketandwasinferior (in termsof SSEperunit stor

age)to all otherhistogramghat we tested® SAP1is

provably betterthan OPTA for the samenumberof

buckets,howeveris requires2.5timesmorespace.ln

ourtestsOPT-A is 2-4timesbetterthanSAP1,with re-

spectto SSEfor agivenspacebound.This shavs that
using more bucketsis betterthat incorporatingmore
comple statisticswithin eachbucket (and therefore
realizingfewer of them).

8For readabilitywe did not includemeasurement®r SAPOin the Fig-

ure.

5 Conclusions

We have studiedthe selectvity estimatiorproblemfor range
queries,a fundamentaproblem. We have presentthe rst-
known optimal and approximatealgorithmswith provable
guaranteedor constructinghistogram-basedummaryval-
ues;thealgorithmstake (pseudo)olynomialtime. We have
also consideredhe wavelet-basedapproachfor construct-
ing summaryvaluesand presented nearlinear time algo-
rithm for optimally choosingthe summaryvaluesfor range
queries.Again, no suchresultswereknown previously. We
have alsopresente@xperimentakesultswith ouralgorithms
andotherheuristics.Ourwork laysthefoundationfor under
standingthetrue complexity of constructing'optimal” sum-
mary representationfor rangequeries.Most resultsherein
areonly sketchedfull proofswill bein nal version.

We describeone nal idea, namely a generalapproachto
improve the quality of histogranrepresentations.

Oncewe have determinedhebucketboundariegor ary his-
togramwecan x themandfurtheroptimizetheapproxima-
tion by changinghevaluesstoredin eachbucket. Fora x ed
bucketing schemewe substitute in formulal with a
value to be optimized. Let ~ be
the setof valuesstoredin the histogram. The overall sum-
squareckrroris



apolynomialof degree2 in thecoordinate®f ~. Thatis,

S O A ®3)

whereQ) isa x matrixdependingnthebucketbound-
ariesonly, g is avectorof size , andc is a constant.The
matrix () andvector g canbe found in time N
System(3) hasa single Iocal minimum, that canbe found
by solving ~Q g in the time it takesto invert a

X matrix,atmost . Theresultingapproximation
is denotedas A-reopt for ary original hlstogramalgorlthm
A. Thereopt-ingoperationtakestime N

Thisreopt-ingstratgy mayhelpcertainhistogramoptimiza-
tionswherethe summaryvaluesstoredin bucketsis not op-
timizedin the de nition of the histogram(suchasthe clas-
sicalde nition wherewe storejustthe average)put will not
helpin othercasede.g.,in SAPOor SAP1,which already
optimize over summaryvalues.) We did a preliminary ex-

perimentwith AO-reopton our datasetandit was superior
andup to 41% betterthan OPT-A, with respecto the SSE.
However more extensie experimentshave to be performed
(e.g.,doesOPT-A-reopt signi cantly outperformOPT-A?).

Thisresultis encouragingecaus¢éhe methodologyaboveis

general.
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