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A. PROOFS OF THE MAIN PROPOSITIONS

Proposition 1. A QCSP is true (as de ned in Section 2.1.2) i it has a win-
ning strategy.

Proof. Instead of proving this result from scratch we sketch its conmction to
classical logical results and simply note that the functiors used in the de nition
of the notion of strategy are essentially Skolem functions:it is well-known that,
starting from a formula 8x; :::X,:9y: F(X1;:::Xn;Y) with an existentially quanti-
ed variable y, we can replacey by a function and obtain a second-order formula
that is equivalent: 9f: 8xy:::Xn: F(X1;:::Xn; T (X1:::Xn)).

If the domain D is additionally xed and each quanti er is bounded, i.e., if we
have a formula of the form: 8x; 2 Dy, :::8Xn 2 Dy,,:9y 2 Dy: F(X1;:::Xn; YY),
then the formula is equivalent to:

Of: 8X1 2 Dy, i::8Xn 2 Dyt (F(X1:::Xn) 2 Dy ™ F(Xq;:i: Xns F(X1:::%n)))
and any interpretation | verifying:
MD;1i j= 8x12 Dy, :::8Xn 2 Dyt (F(X2:::Xn) 2 Dy A F(X1;:i:Xn; F(X1::0Xn)))

is such that the function I (f) is of signature =, >t .., ¢Dx; ! Dy:

Now given a QCSP, letF be its logical representation as de ned in Section 2.1.2,
and let F° be the Skolem normal form ofF, obtained by iteratively applying the
process described above, for all existential variables. Thstrategies of the QCSP are
exactly the possible interpretations of the Skolem functiors of F° Furthermore, a
strategy is winning (all outcomes are true) i the rst-orde r (universally quanti ed)
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part of the formula is true. Consequently a winning strategy exists for the QCSP
i the model-checking problem hD;1ij= FCis true, i.e., i the QCSP is true. O

Proposition 2. Deep xability could equivalently be de ned by the condition
8t 2 outit[x; := a] 2 sol; Deep substitutability could be equivalently de ned by
8t 2 out: (tx, = @) ! (t[x; := bl 2 sol); deep removability by8t 2 out:(ty, = a) !
(9b & a:t[x; := bl 2 sol); and deep irrelevance byt 2 out:8b2 Dy,: t[x; := b 2 sol.

Proof. We consider xability and we prove that 8t 2 out: t[x; := a] 2 out holds
i 8t 2 out:t[x; := a] 2 sol does. The! implication is straightforward ( out  sol);
we prove the  implication. In the case where the QCSP is false (no winning
strategy) the implication trivially holds, since out is then empty. Let us therefore
prove it in the case where the QCSP is true.

We assume that8t 2 out: t[x; := a] 2 sol. Let t 2 out; it is clear that the tuple
t[x; := a] belongs tosol; we have to prove that t[x; := a] also belongs toout. For
that purpose, we exhibit a winning strategy s such that t[x; := a] 2 sce(s).

Let s® be a winning strategy such thatt 2 sce(s%). Such a strategy exists since
t is an outcome. The strategys will be obtained by modifying s® so that all its
outcomes assign value to variable x;. More formally, the functions s,; are de ned,
for eachx; 2 E, as follows:

[If ] =ithen sy, ( ):: a, for each tuple 2 QYZAJ_ ,Dy;
[Otherwise sy, is simply de ned as the function s‘x’j.

One can now verify that sce(s) = f [x; := a] : 2 sce(s%)g. Two consequences
are t[x; := a] 2 sce(s), and sce(s) sol, which show that s is a winning strategy
such that t[x; := a] 2 sce(s).

Similarly, for substitutability we can exhibit a strategy s in which everyt 2 sce(s9
such that ty, = ais changed into the scenarida[x; := b).

For removability it is convenient to restate the property: re movability holds if
there exists a functionf that associates to everyX -tuple t a valuef (t) 6 a, and
such that 8t 2 out:(tx, = a) ! (t[x; := f (t)] 2 out). We can exhibit a strategy s in
which every t 2 sce(s) such that ty, = a is changed into the scenaria[x; = f (t)].

For irrelevance we can use the fact that a variable is irreleant i it can be xed
to any value of its domain (Prop. 5). O

Proposition 3. Let = hX;Q;D;C i be a QCSP and let be the same QCSP
but in which all quanti ers are existential, i.e., = hX;Q%D;Ci, with Q% = 9,
for all x 2 X. We have (forall xi; a; b; V):
| inconsistent (x;;a) ! inconsistent (X;;a);
| d-xable (xj;a)! d-xable (x;;a);
| d-substitutable (x;j;a;b) ! d-substitutable (x;;a;b);
| d-removable (xj;a)! d-removable (x;;a);
| d-interchangeable (x;;a;b) ! d-interchangeable (xi;a;b);
| determined (x;)! determined (x;);
| d-irrelevant (x;)! d-irrelevant (x;);
| dependent (V;xj)! dependent (V;X;).
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Proof.  All the results rely essentially on the fact that out sol. For the
properties of inconsistency, implication, determinacy am dependence, the proof
directly follows: classical inconsistency means that8t 2 sol: ty, 6 a, which im-
plies the deep property 8t 2 out: ty, 6 a; classical determinacy means that
8t 2 sol: 8b6 ty,: t[x; := b] 6X0l, which implies 8t 2 out: 8b6 ty,: t[x; := b] 6Xo0l,
which implies the deep property 8t 2 out: 8b 6 ty,: t[x; := b] 62out. The cases of
implication and dependence are similar.

For the other properties we additionally use Proposition 2: classical xability
means that 8t 2 sol: t[x; := a] 2 sol. This implies 8t 2 out: t[x; := a] 2 sol which,
by Proposition 2, is equivalent to the deep property 8t 2 out: t[x; := a] 2 out.
The cases of substitutability, removability, interchangeability and irrelevance are
similar. [

Proposition 4. For all variables x; and valuesa and b, we have:
d- xable (xj;a) ! s-xable(x;;a);

d-removablgx;;a) ! s-removabl€x;;a);

d-substitutable(x;;a;b) ! s-substitutable(x;; a;b);
d-interchangeabldx;;a; b ! s-interchangeabléx;;a; b);
d-irrelevant(x;) ! s-irrelevant(x;).

Proof. If deep xability holds, i.e., we have 8t 2 out: t[x; := a] 2 out, then for
eacht 2 out the tuple t®= t[x; := a] is such that tjx, , = t9x, , ~ t), = a, and
we therefore have8t 2 out: 9t° 2 out: (tjx, , = t9x, , ~ t, = a), which means
s- xable(x;;a). The proof is similar for irrelevance.

If deep removability holds, i.e., 8t 2 out: (tx, = a) ! (9b6 a: t[x; := b] 2 out),
then for eacht 2 out such that ty, = a, the tuple t° = t[x; := b] is such that
tix, . = t9, .~ t2. = b, and we haves-removabléx;;a). The proof is similar for
substitutability, which also uses a bounded quanti cation, and the result follows
for interchangeability. [

Proposition 5.  The following relations hold between the properties (foralk;,
a and b):
(1) inconsistent(xj;a) ! 8 b2 Dy,: d-substitutable(x;;a; b);
(2) implied(x;;a) $8 b2 Dy, nfag: inconsistent(x;; b);
(3) implied(xj;a) ! d-xable (xj;a);
(4) inconsistent(xj;a) ! d-removablgx;;a);
(5) 9b2 Dy, nfag: d-substitutable(x;;a;b) ! d-removablgx;;a);
(6) 9b2 Dy, nfag: s-substitutable(x;;a;b) ! s-removabldx;;a);
(7) d- xable (xi;b) $8 a2 Dy,: d-substitutable(x;; a; b);
(8) s-xable(xi;b) $8 a2 Dy,: s-substitutable(x;; a; b);
(9) d-irrelevant(x;) $8 a2 Dy;: d- xable (xi; a);
(10) s-irrelevant(xi) $ 8 a2 Dy,: s- xable(x;; a).
Proof. (1) Assume inconsistency holds. If we consider an arbitrary 2 out, then
tx; 6 a, which falsi es the left side of the implication (tx, = a) ! (t[x; := b] 2 out),
for any b, and deep substitutability therefore holds.
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(2) If value ais implied for x;, i.e., 8t 2 out: ty, = a, then for every valueb 6 awe
have 8t 2 out: ty, = a6 b, i.e., bis inconsistent. If all valuesb& a are inconsistent,
i.e., 8t 2 out: ty, 6 b, then any t 2 out is such that 8b8 a: ty, 6 band ty; 2 Dy,,
soty, = ai.e., ais implied.

(3) If ais implied for x;, then any t 2 out is such that tx, = a, and we therefore
havet[x; := a] =t 2 out.

(4) If aisinconsistent forx;, i.e., 8t 2 out: ty, 6 a, then the left-hand side of the
implication (ty, = @) ! (9b6 a: t[x; := b] 2 out) is false for everyt 2 out.

(5) If ais deep-substitutable to a certain valueb 6 a, then for every t 2 out
verifying tx, = a we havet[x; := b] 2 out. This implies 9b 6 a: t[x; := b] 2 out.

(6) If ais shallow-substitutable to a certain valueb 6 a, then for every t 2 out
verifying ty;, = a, we have9t®2 out: ((tjx, , = t9x; ,) ~ (t2, = b). This implies
9t°2 out: (tjx, , = t9x,; ., t7, 6 a).

(7) If bis deep- xable for x;, i.e., 8t 2 out: t[x; := b] 2 out, then the right-hand
side of the implication (tx, = a) ! (t[x; := b] 2 out) is true for all t 2 out.

(8) If bis shallow- xable for x; i.e., 8t 2 out: 9t°2 out: (tjx, , = t9x, ,"t2. = D),
then the right-hand side of the implication t,, = a!9 t°2 out: ((tjx, , = t9x, )"
(t2, = b) is true for all t 2 out.

(9) If x; is deep-irrelevant, i.e.,8t 2 out: 8a 2 Dy,: t[X; := a] 2 out, then for any
a2 Dy, we have8t 2 out: t[x; := a] 2 out.

(10) If x; is shallow-irrelevant, i.e., 8t 2 out: 8a 2 Dy,: 9t° 2 out: (tjx, ,
9%, ) " (t2, = a), then for any a 2 Dy, we have8t 2 out: 9t° 2 out: (tjx, ,
9%, . MR, =a). O

Proposition 6. Let = hX;Q;D;Ci be a QCSP in which valuea 2 Dy, is
shallow-removable for an existential variable;, and let °denote the same QCSP in
which valuea is e ectively removed (i.e., °= hX;Q;D % Ci whereD, = Dy, nfag
and DY, = Dy;;8) 6 i). Then istruei Cis true.

Proof. If ©has a winning strategy then the same strategy is also winnindor

: having ©true therefore implies that s also true.

On the other hand, assume that has a winning strategy s'. Sincea 2 Dy, is
shallow-removable forx;, we have:

8t2out:ty, = al!9 t°2 out: (tjx, , = thx, , " t3, 6 a)

We show that if s! has a scenarid 2 sce(s!) such that ty, = a, then we can \cor-
rect" this and exhibit another winning strategy s whose scenarios are the same as
those ofs! except that all scenarios such that jx, , = tjx, , have been replaced
by tuples t° with tgi 6 a. (Intuitively we replace the \sub-tree" corresponding
to the branch tjx, , by a new branch which does not involve the choicex; = a
anymore.) More precisely, every scenaria®2 sce(s) will satisfy:

[If t9x, , 6 tjx, , then t°2 sce(s?).
IIf t%%, , = tjx, , thentl 6 a.
This will prove the result: in showing how to construct s we show that, starting

from any winning strategy s' containing a number n > 0 of \incorrect" scenarios
tO with tgi = a, we can always exhibit a winning strategy with at mostn" 1 such
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scenarios, and repeating the correctiom times we construct a winning strategy in
which no tuple t%is such that t?. = a.

Let us now see how to constructs starting from s®. The outcomet 2 sce(s')
that needs to be replaced is such thaty, = a and, using the shallow removability
property, we conclude that there exists another outcome 2 out such that jx, , =
tix; . x; 8 a. This outcome belongs to at least one winning strategy. We chose
one of these strategies, which we calt>. To de ne the new strategy s we must
de ne the functions s;, for eachx; 2 E. These functions are de ned as follows:

[if j<i then sy, is dened as sij (e.g., we follow the strategy s® for the rst
variables, until variable x;, excluded);
[for th%following variables, i.e., when j i, we de ne the value ofs,;( ), for each
2 " 54, 4Dy, as follows:
|If in 1:tjxi 1!therl SXj( ): S)2<j( )!
it x, . 6 tix, ,, then s, ()= s; ()
The proof is completed by checking that every scenarid® 2 sce(s) satis es the
two desired properties:

IIf t9%, , 6 tjx, , then t°2 sce(s'), because, for eactx; 2 E, we havet}, =
sx; (t9a; 1) = sx,(t9a; ,) in this case.

IIf 9%, , = tix, , then t2. 6 a, becauset?, = s, (t%a, ,) = S2.(t9a, ,) =
S)2<i(tin 1) = Sfi( in 1) = xi 8 a.
Furthermore, every t°2 sce(s) with t9x, , = tjx, , belongs tosce(s?), and s is

therefore a winning strategy: sce(s)  (sce(s?) [ sce(s?)) out. O

Proposition 7. Let = hX;Q;D;Ci be a QCSP in which valuea 2 Dy, is
xable for an existential variable x;, and let © denote the same QCSP in which
value a is e ectively xed (ie., °= hX;Q;D°%Ci where D}, = fag and DY, =
Dy;;8j 6 i). Then istruei Cis true.

Proof. If ©has a winning strategy then the same strategy is also winnindor

: having ©true therefore implies that s also true.

On the other hand suppose that has a winning strategy s'. That a 2 Dy, is
shallow- xable for x; means that we have:

8t 2 out: 9t°2 out: (tjx, , = tx, .M t%, = @)

The proof is similar to the one already detailed for Prop. 6: ve show that if
s! has a scenariot 2 sce(s) such that ty, 6 a, then we can \correct" this and
exhibit another winning strategy s whose scenarios are the same as those ®f
except that all scenarios such that jx, , = tjx, , have been replaced by tuples
t9with t?. = a. More precisely, every scenarid®2 sce(s) will satisfy:

[If 9%, , 6 tjx, , then t°2 sce(s').
IIf t%%, , = tix, , thent? = a
This will prove the result: in showing how to construct s we show that, starting

from any winning strategy s' containing a number n > 0 of \incorrect" scenarios
t% with tgi 6 a, we can always exhibit a winning strategy with at mostn" 1 such
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scenarios. This shows that there exists a winning strategy irwhich no tuple t° is
such that t?, 6 a.

Let us now see how to constructs starting from s®. The outcomet 2 sce(s')
needs to be replaced. Using the shallow xability property, we know that there
exists another outcome 2 out such that jx, , = tjx, ,* x, = a This outcome
belongs to at least one winning strategy. We choose one of tke strategies, which
we call s?. To de ne the new strategy s we must de ne the functions Sx; for each
Xj 2 E. These functions are de ned as follows:

[if j<i then sy, is dened as s){j (e.g., we follow the strategy s® for the rst
variables, until variable x;, excluded);
[for thtbfollowing variables, i.e., when j i, we de ne the value ofs,;( ), for each
2 " ,a, 4Dy, as follows:
|If in 1:tjxi 1!then SXj( ): S)Z(j( )!
it jx, . 6 tix, ., then s ()= s; ()
The proof is completed by checking that every scenarid® 2 sce(s) satis es the
two desired properties:

IIf t9%; . 6 tjx; , then t°2 sce(s'), because, for eactx; 2 E, we havety =
sx; (t9a; 1) = sx,(t%; ,) in this case.

|If Zt‘i?(i L= tj§<i , then t?, = a, becauset), = s, (t9a; ,) = %,(ta; ;) =
SXi(tJAi 1): Sxi( Ia; 1): xi = a
Furthermore, every t°2 sce(s) with t9x, , = tjx, , belongs tosce(s?), and s is

therefore a winning strategy: sce(s)  (sce(s!) [ sce(s?)) out. O

Proposition 8. Let = hX;Q;D;C i be a QCSP in which a valuea 2 Dy; is
inconsistent for a universal variablex;. Then is false.

Proof. Assume that there is a winning strategys for . Hence,sce(s) out .
Sincex; is universal, there must exist scenariog for s such that ty, = a. But, by
the de nition of inconsistency, 8t 2 out :ty, 6 a. Contradiction. O

Proposition 9. Let = hX;Q;D;Ci be a QCSP in which valuea 2 Dy, is
dual-shallow-removable for a universal variable;, and let °denote the same QCSP
in which value a is e ectively removed (i.e., °= hX;Q;D %Ci whereD?, = Dy, n
fagand DY, = Dy;;8j 6 i). Then istruei Cis true.

Proof. Direct consequence of Prop. 6: the hypothesis is that the duashallow-
removability holds, i.e., a is removable forx; w.r.t. the negated QCSP: ; then
istruei : isfalsei : Cisfalsei Cistrue. O

Proposition 10. Let = hX;Q;D;Ci be a QCSP in which valuea 2 Dy, is
dual-shallow- xable for an universal variablex;, and let °denote the same QCSP
in which value a is e ectively xed (i.e., %= hX;Q;D %Ci whereD?, = fag and
DR, = Dy;:8 6i). Then istruei Cis true.

Proof. Direct consequence of Prop. 7: the hypothesis is that the duashallow-
xability holds, i.e., ais xable for x; w.r.t. the negated QCSP: ;then s true
i : isfalsei : Cisfalsei Oistrue. O
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Proposition 11.  The pure value property allows to detect values that are dual-
inconsistent, i.e.,
pure(xij;a) ! dual-inconsistent(x;; a)
Proof. The property pure(x;;a) means that:
sol ft2 Dy : tx,

i = ag

x2 X

For any set A - xDx We denote byA the set of tuples of _,, Dy that are not
in A. We deduce:
sol ft2 ,.Dx :tx,=ag
which rewrites to:
sol’ ft2 ,.Dx : tx, 8 ag
Furthermore we have out: sol . We conclude that
out’ ft2 _,.Dx !t 6ag

In other words any tuple t 2 out" is such that ty, 6 a, which is exactly the
de nition of dual-inconsistency for variable x; and valuea. [

Proposition 12. Let = hX;Q;D;Ci be a QCSP in which valuea 2 Dy, is
deep- xable for a universal variablex;, and let ° denote the same QCSP in which
value a is e ectively removed (i.e., °= hX;Q;D %Ci whereD?, = Dy, nfag and
DR, = Dx;;8j 6 i). If D, 6 ; (i.e., awas not the only element inDy,), then
is truei  Ois true.

Proof. ( true implies °© true, easy direction) If is true, then there exist
winning strategies for it. Let s be one such strategy. Given a valué 2 Dy,;b6 a
(such b exists by hypothesis), a winning strategys® for ©can be built by \restrict-
ing" s: for each existential variable x;, s?is de ned, for each 2 y,a; ,DJ as
s )=s().

( °true implies true) If Cis true, then there exist winning strategies for it. Let
s®be one such strategy. In order to show that is also true, we will \extend" s%in
order to take into account the value a that can be assigned to the universal variable
Xj.

Given a valueb 2 DSi (such b exists by hypothesis), a winning strategys for
can be built from s° as follows:

|For each existential variable x;, j<i , sis de ned exactly as s’

|For each existential variable x;,j>i , sis dened, for each 2 y2A; Dy as:
) s()=sY)if &, 6 a
i) s( )= sY [x:=h)if x, =&

Since s% is winning for % we have that sce(s?% out °; moreover, since by
construction, out °  out , we have that sce(s) out .

In order to show that s is winning for , we will characterize the setsce(s) and
prove that sce(s) out .

By the de nition of s, we have that the set of its scenarios is contained in the
union of two sets:
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| sce(sY (from i))
| ftlxj :=a]jt2sce(s) " tyx, = bg (from ii))

So,sce(s) sce(sY) [f t[x; := a]jt2sce(s) N tx, = bg.

As for the rst set, sce(s®) out . We now prove that also the second set is
a subset ofout . Assume, by contradiction, that there exists an element in ths
set that does not belong toout . By construction, such element is obtained by a
t 2 sce(s?) by replacing its x;-component with a. Sincesce(s®) out , we have
that t 2 out , and t[x; := a] 62out . Hencea would be not deep- xable for x; in
Contradiction.

So, we have proved thatsce(s) out , hence that s is a winning strategy for

J

Proposition 13. Let = hX;Q;D;C i be a QCSP. Given a tuple 2 szx Dx,

we denote byB the conjunction of constraints:
00 1 1

@@ y= AL (X = ty,)A (4)
Xi2E y2Ai 1

The QCSP = hX;Q;D;B [ Ciistruei t2 out .

Proof. Assumethat istrue. Thenithas a non empty set of winning strategies;
let s be one of them, picked arbitrarily. Let t°be the scenario ofs that is such that
t9a = tja, i.e., that assigns the same values ason the universal variables. Because
s is a winning strategy, t%is a solution, and it satis es the constraint given by (4).
A straightforward induction on the indices of the existential variables shows thatt
is indeed identical to t% which implies t 2 out .

Assume now thatt 2 out , i.e., there exists a winning strategy s for  such
that t 2 sce(s). Every scenariot® 2 sce(s) satis es C. Let us prove by case that
eacht® 2 sce(s) also satis es B. If we consider the scenariot® which is such that
t9a = tja, then this scenario is indeedt (a strategy de nes a unique outcome for
each assignment of the universal variables), which satis 8 B. On the other hand,
B is satis ed also if we consider any tuplet® which is such that t9, 6 tjx. To see
this, let j be the lowest index such thatt(iAj . 6 tja; ,. Constraints of B with
i <j are satis ed becausetda, , = tja, ,; the others because the left-hand side

of the implications 5, ,t19=t, ! (1, = tx,) are false. Every scenario of
therefore satis esB ~ C, in other words this strategy is winning for . [

Proposition 14. Given a QCSP = hX;Q;D;C i, the problems of deciding
whether:

[value a2 Dy, is d-xable, d-removable inconsistent, implied for variable x; 2
X,

[value a2 Dy, is d-substitutable to or d-interchangeablewith b2 Dy, for variable
Xj 2 X,

|variable x; 2 X is dependenton variablesV X, or is d-irrelevant,

are PSPACE-complete.
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Proof. (membership in PSPACE) The membership in PSPACE relies esse
tially on Prop. 13 and its immediate consequence, mentionedn the main text,
that testing whether t 2 out can be done in polynomial space. All properties hold
i some statement is veri ed for all t 2 out, so the idea is then to loop over each
tuple t, determine whether it belongs toout and, if this is the case, check whether it
satis es the statement. For inconsistency we check whethet,, 6 a. We return false
as soon as we have a tuple 2 out for which this is not the case. For implication we
test whether ty, = a and similarly return false if one tuple does not verify that. The
same idea works for all properties: for xability we test whether t[x; := a] 2 out;

for substitutability we check whether (tx, = a) ! (t[x; := b] 2 out); for remov-
ability we check whether (tx, = a) ! (9b 6 a: t[x; := b] 2 out); for determinacy
we check whether8b 6 ty,: t[x; := b] 62out; for irrelevance we check whether

8b 2 Dy,: t[x; := b] 2 out. For dependency we have to do a double loop in lexi-
cographical order, check whether both tuplest;t° belong to out and, if, so, check
whether (8x; 2 V: ty; = tgj) I (tx, = t2,). In any case, at the end of the loop, we
return true if no counter-example to the property has been found. It is clear that
these algorithms use polynomial space and return true i the ©nsidered property
holds. [

Proof. (hardness for PSPACE) For all properties we reduce the prok#m of de-
ciding whether a QCSP = hX;Q;D;C i is false to the problem of testing whether
the considered property holds.

The reductions work as follows. Forinconsistency we simply construct the
QCSP = hX [f xg;Q%D%Cgi, where:

| x is a fresh variable, i.e.,x 62X

| QUis similar to Q except that the new variable x is quanti ed existentially, i.e.,
Qy=Qy; 8y& xandQy =9;

| D%is similar to D except that the domain of the new variable x is a singleton,
i.e., D) = Dy; 8y 6 x and D? = fag for some arbitrary a.

It is straightforward that ~ has a winning strategy i also does. Let us verify
that is false i value ais inconsistent for variablex in : if is false thenout is
empty, and so isout , and then it is true that 8t 2 out :tx, 6 a; if ais inconsistent
for x in  then 8t 2 out : ty; & a, but no outcome can assign a value di erent from
a to variable x;, henceout is empty and out is also empty.

The same reduction works directly forremovability : isfalsei ais removable
from x in
For xability , implication , substitutability , interchangeability  and irrel-

evance, the reduction is only slightly di erent; now we construct t he QCSP:
= WX [f xg;Q%D%C[f x =0ggi

in which the new variable x is existential and ranges overf 0; 1g. Note that the
constraint x = 0 can be expressed directly in each and every of our 5 formaliss.
We can check that s false i :

|variable x is xable to value 1 in : if s false thenout is empty and so is
out and we trivially have 8t 2 out : t[x := 1] 2 out ; if x is xable to 1 in
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then 8t 2 out : t[x := 1] 2 out , but there is not is such that t[x := 1] 2 out
and out andout are empty.

|value 1 is implied for variable x in : similarly to xability we have out = ; i
8t 2 out :ty =1.

|value 0 is substitutable to value 1 for variable x in  (out = ; holdsi 8t 2
out : (tx =0) ! (t[x :=1] 2 out )).
|[value 0 is interchangeable with value 1 for variable x in : (out = ; holds i

8t2out :(ty =0) $ (t[x:=1] 2 out )).

|variable x is irrelevant in : if 8t 2 out : 8b 2 f0;1g: t[x := b 2 out , then
any t 2 out is in particular such that t[x := 1] 2 out so no sucht exists and
out = ;. (The other direction is trivial.)

For determinacy and dependence , the reduction consists in constructing the
QCSP = hX [f xg;Q%D%Cgi, in which the new variable x is existential and
ranges overf 0; 1g.

We check that is false ifx is determined in . Assume that 8t 2 out : 8b 6
tx: t[x := b] 620ut , and let us consider an arbitrary t 2 out . Its value on x is
either 0 or 1 (say 0). Then it is such that t[x := 1] 62out . Because values 0 and
1 play a symmetric role, this cannot be, andout = ;. (The other implication is
trivial.)

We last check that is false if variable x is dependent on the set of variables
X in . Assume that 8t;t° 2 out: (tjx = tGx) ! (tx = t2). Let us consider an
arbitrary tuple t 2 out with (say) t, = 0. If we consider the tuple t°= t[x := 1],
then this tuple is such that t9x = tjx , and therefore does not belong toout (if it
did, then we'd have t? = t,). Because values 0 and 1 play a symmetric role, this
cannot be, andout = ;. (The other implication is trivial.)

In all our reductions, we can start from any of the 5 formalisns listed in Sec. 6.1,
and the resulting QCSP is expressed in the same formalism. Itsi well-known that
deciding the truth of a QCSP in any of these formalisms is PSPAE-complete and
the hardness result therefore holds in all 5 cases.[]

Proposition 15. Given a QCSP = hX;Q;D;C i, the problems of deciding
whether:

[value a2 Dy, is s- xable, s-removablefor variable x; 2 X,

[value a2 Dy, is s-substitutable to or s-interchangeablewith b2 Dy, for variable
Xi 2 X,

|variable x; 2 X is s-irrelevant,

are PSPACE-complete.

Proof. For membership in PSPACE the algorithm is similar to Prop. 14: we
use the fact that testing whether t 2 out can be done in polynomial space by Prop.
13. To check whether a property of the form8t 2 out: is true, we loop over all
tuples in lexicographical order, test whether the current tuple is an outcome and, if
so, verify that it satises . For properties of the form 9t 2 out: , we do a similar
loop and return true i one of the outcomes met during the loop satised . This
works in polynomial space for all properties.
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The hardness is a direct consequence of the fact that shallowrpperties are
equivalent to the deep ones in the particular case when the véable on which the
property is asserted is at the tail of the linearly ordered s¢ of variables. In all the
reductions used in the proof of Prop. 14, note that we introdwce a variable that
can be introducedat an arbitrary place. The reductions can therefore be directly
adapted to the shallow de nitions.

For instance, in the case of xability, the reduction consisted, starting from a
QCSP = hX;Q;D;C i, to constructthe QCSP = hX [f xg;Q%D%C[f x =0gi,
with D2 = 0; 1g. We consider the same reduction and impose thak be placed at
the end of the ordered setX . Then x is shallow- xable to 1 i it is deep- xable to
1. We have proved that is false if variable x is deep- xable to 1 in , which is
true if it is shallow- xable to 1 in . Similarly in all cases of Prop. 14 the reduction
directly applies to shallow property as long as we impose thathe new variable x
be put at the end of the quantier prex. [J

Proposition 16. Givena (QCSP = hX;Q;D;C i encoded using Formalism
(1), the problems of deciding whether:

[value a2 Dy, is deep- xable, deep-removable inconsistent, implied for variable
Xi 2 X,

[value a2 Dy, is deep-substitutable to or deep-interchangeablewith b2 Dy, for
variable x; 2 X,

|variable x; 2 X is dependenton variablesV X, or is deep-irrelevant,

are [-hard and belong to ., . Moreover, for deep inconsistency, implication,
determinacy and dependence, the problems are more precisel;{(’-complete.

The use of formalism (1) means that is a Quanti ed Boolean Formula of the

form:
9M: 8M7:  QxMy: C

where the M;s are blocks of variables of alternating quanti cation, C is a Boolean
circuit built on these variables, and the last block My is quanti ed universally
(Qx = 8) if k is even, and existentially Qx = 9) if k is odd. Consistently with
previous notation, the linearly ordered setX = fx;:::X,g denotes the union of all
variables of the pre x, and the notations E;j, Aj, etc., are de ned as in Section 2.1.

For technical reasons it is more convenient to analyze the coplexity of the nega-
tions of these properties, i.e., we focus on the complexity of detemining whether
the property does not hold So we prove that the negations are {-hard and belong
to P,,. (The problem of testing whether a }QBF is false is [-complete.)

Proof.  (membership results) For consistency , membership in  f is shown as
follows: we are given a formula of the aforementioned form, as well asa and x;,
and we want to test whether 9t 2 out : ty, = a. We use a reduction similar to the
one used by Prop. 13, and construct a formula which is true i the property holds.
The formula used in Prop. 13 imposes additional constraintsvhose role is to make
sure that the outcome belongs to the set of scenarios of any wning strategy of the
produced formula. In our case the outcome in question is quanted existentially

vV 9M1: BM2 QM (BACA v = a) (5)
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where each variablev; ranges overDy, and B is the conjunction:
00

N N
@@ yi = iA T (x = wp)A
XiZE yj2Ai 1
Note that the existentially quanti ed variables hvi;:::;v,i are not redundant

with the x; s: we want to impose thatat least one of the outcomes of assignx; to
a, whereas simply adding the constraintx; = a would enforce it for every scenario
of any strategy. Formula is true i there exists a tuple t 2 out suchthatty, = a
is a direct consequence of Prop. 13. Formula is itself a ¢-QBF and we can
therefore determine whether it is true in  f.
Non-implication (9t 2 out: ty, 6 a), Eq. 5 is simply replaced by:

Ovy;iiivp: OM1: BM, QM (B A C")

Non-determinacy is expressed a9t 2 out: 9b 6 ty,: t[x; := b 2 out or,
equivalently, as 9t 2 out: 9t° 2 out: t9x nrx,g = tixnfxig * t2, 6 tx,. We have to
assert the joint existence of the two outcomeg and t% whose values on variables
X1:::Xn are notedhvy;:::;vyi and h/i’; T ;vﬁi, respectively. We obtain:

0 siVf=v "~ ey
vy vy Vvl @A 9Mi8M, QM (BAC) A
r~gME8M? QM2 (BO~ CH

Now we note that the two matrices (B ~ C) and (B°" C9 are imposed on disjoint
sets of variables (the unprimed and the primes variables, rgpectively), so we can
rewrite the previous formula in a  form, as follows:

1
00—y A 0 . A
isiVi =V Vi 6 v

9v1;:::vn:9v?;:::vg: @9M1;Mf: 8M2;M§ A
QMy; M2 (B~ C~ B CY
Non-dependence can be stated as9t 2 out: 9t°2 out: (tjy = tv) " (tx, 6 t2,),
relying on the fact that the domain only has two values; the proof is similar except
that  has the following form:
\VI l
xj2V Vjozvi A Viosvi n
Ovy;:iivn: OV vl %9M1;Mf:8M2;M§ %
QM;M2: (B~ CABOACH
For the other properties it is less obvious to see whether the pper bound of |
holds, because their negations are de ned as follows:

[Non- xability can be expressed aSt 2 out: t[x; := a] 62out or, equivalently,
9t 2 out: 9t2620ut: tYx nix,g = tixnxig N 12, = &

[Non- substitutability = as9t 2 out: (tx, = &)~ (t[x; := b] 62out) or, equivalently,
9t 2 out: 9t2620ut: tx nxig = tixnfxig " txy = @ t2, = by

[Non- removability as 9t 2 out: (tx, = a) ™ (8b 6 a: t[x; b] 62out) or,
equivalently, as 9t 2 out: 8t°62ut: (t%x nx,g = tixnfxig) ! txi = t2,;

[Non- irrelevance is expressed a®t 2 out: 9t°62out: tYy nfxig = Uxnfxig

ACM Transactions on Computational Logic, Vol. V, No. N, Dece mber 2007.



Properties of Quanti ed Constraints App{13

The problem is that in each case we need to nd both an outcomé and another
tuple t° which is not an outcome. The quanti er pattern for asserting that t is not
an outcome is now of the form8M1: 9M,  QxMy, where Qy is the dual quanti er

to Qk. Forinstance for non-irrelevance the obtained formula haghe following form:
0o V 1

isi v =y
vy iV ViVl @A 9Mi8M, QM (BAC) A
rNBMEOM? QM2 (:BP_: CY
Similarly to before, the variables involved in the matrices(B” C) and (: B® : C9
are disjoint and we can merge them into one pre x. We rename the@ndexing of the
primed blocks as follows:

o vV o, 1
isi Vi =V
Ovy;iiivy: Vv @A 9My:8M, QM (B A C) A
ANBMEOMY Qi M2, (:B2_: CH
and obtain:
ov. 1
isiVi =V

Ovi; vy VYVl @My 8M o MQ: OM 5 M O: A

QuM: Qs Mys1 (B~ C)” (1 BP_: CY)

whichisin §,; form. We obtain a similar formula with minor changes for xabi lity,
substitutability and removability.  [J

Proof. (hardness) The hardness part is easy, because in all the redtions used
in Prop. 14 to show the PSPACE-hardness of the properties, weaeduced the
problem of determining whether a QCSP is false to the problem of checking
the considered property for a new formula . The new formula was constructed
by introducing a new existential variable and this variable could be added into any
quanti er block. Because of that, we can always make sure that tle quanti er pre x
of follows the same alternation as the one of , and we can therefore reduce the
problem of determining whether a PQBF is false to the problem of testing the
considered property is veried by a | QBF.

For instance the reduction used to prove that inconsistencyis PSPACE-complete
was as follows: we reduced any QCSP : 9M1: 8M,: QkMg: C to the QCSP

. OM 2 fxg: 8M: QxMy: C with Dy = fag. We had not speci ed the precise
existential block in which the new variable x was added because the proof was
precisely independent of that. We can now impose that it be irserted in the rst
block M. This shows that we can reduce the problem of falsity for fQBFs to
the problem of inconsistency for EQBFS. Similarly, all the other proofs can be
directly adapted to bounded quanti er alternations. [

Proposition 17. Let = hX;Q;D;Ci be a QCSP whereC = fci;:::;cm0.
We denote by ¢ the QCSP hX; Q; D; fckgi in which only the k-th constraint is
considered. We have, for allx; 2 X,V X, and a;b2 Dy;:

W
| 21-m INCONSIStent *(x;;a) ! inconsistent (x;;a);
| o 1-m implied “(xj;a) ! implied (x;;a);
| k2 1-m O-xable *(xj;a) ! d-xable (x;;a);

ACM Transactions on Computational Logic, Vol. V, No. N, Dece mber 2007.



App{14 L. Bordeaux, M. Cadoli & T. Mancini

| k2 1-m d-substitutable “(x;j;a;b) ! d-substitutable (x;;a;b);

| >1-m O-interchangeable *(x;;a;b) ! d-interchangeable (x;; a;b);
| w2 1-m determined <(x;) ! determined (x;);

| 5> 1-m -irrelevant <(x;) ! d-irrelevant (x;);

| w2 1-m dependent<(V;x) ! dependent (V;x;).

Proof. These propositions rely on the followingmonotonicity property of the
set of outcomes: if we have two QCSPs; = hX;Q;D;C ;i and , = hX;Q;D;C 5i
(with the same quanti er prex) and if sol * sol 2 then out * out 2. This is
easy to see: any winning strategys for ; is such that sce(s) sol *. Then it is
also such thatsce(s) sol 2 and it is a winning strategy for .

The proofs for inconsistency, implication and determinacydirectly follow:

|For inconsistency: if for some k we have8t 2 out «: t,, 6 a, then we also have
8t 2 out : ty, 6 a, becauseout out k.

|For implication: if for some k we have8t 2 out : ty, = a, then we also have
8t 2 out : ty, = a, becauseout out .

|For determinacy: if for some k we have8t 2 out x: 8b6 t,: t[x; := b] 62out &,
then we also have8t 2 out : 8b6 ty,: t[x; := bl 62out  out *.

|For dependence: if for some k we have8t;t°2 out «: tjy = t9y ! t,, = t,,
then we also have8t;t°2 out : tjy = t9y | ty, = t?, becauseout  out k.

Consider now deep xability. We assume that forall k and forall t 2 out < we
have t[x; := a] 2 out <. We consider a tuplet 2 out ; sinceout out « for all
k, t belongs to everyout ¥, and therefore t[x; := a] belongs tp everyout « and
therefore to everysol . We conclude that t[x; := a] 2 sol = |, sol . We have
seen in Prop. 2 that deep xability can be stated as8t 2 out : t[x; := a] 2 sol ,
which completes the proof.

For deep substitutability. We assume that forall k and forall t 2 out ¥ we have
tx, = a! t[x;j ;= b 2 out . We consider a tuplet 2 out such that ty, = a; since
out out « for all k, t belongs to everyout , and therefore t[x; := b] belongs
tp every out « and therefore to everysol . We conclude that t[x; := b 2 sol =

S0l . We have seen in Prop. 2 that deep substitutability can be stéed as
8t 2 out :ty, = a! t[x;j:= b2 sol , which completes the proof.

For deep interchangeability the result follows since two védues a and b are inter-
changeable i a is substitutable to b and bis substitutable to a.

For deep irrelevance we use a result of Prop. 5: variable; is irrelevant i it
is xable to any value a 2 Dy,. If forall k we have d-irrelevant *(x;) then we
have, forall k and forall a 2 Dy,, d- xable *(x;;a). It follows that, forall a2 Dy,,
d- xable (x;;a). This is equivalent to d-irrelevant (x;). [
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